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Kerr metric

32.3 Kerr Metric: Ergosphere vs Killing Horizon and Event Horizon

This example is the Kerr metric, already briefly mentioned in section 30.1. In contrast

to the Schwarzschild metric, it is neither static nor spherically symmetric, but it is still

stationary and axially symmetric.

The Kerr metric is perhaps the single most important exact solution of the Einstein

equations for astrophysical purposes, and there are a lot of things that should be said

about the Kerr metric (and this is done in most respectable textbooks of general rela-

tivity), but here I will focus on those that are relevant for the (horizon) issue at hand.

In Boyer-Lindquist coordinates (t, r, θ,φ), the Kerr metric is (30.3),(30.5)

ds2 = −
(
1− 2mr

ρ2

)
dt2 − 4mra sin2 θ

ρ2
dt dφ+

Σ

ρ2
sin2 θdφ2 +

ρ2

∆
dr2 + ρ2dθ2

= −ρ
2∆

Σ
dt2 +

Σ

ρ2
sin2 θ(dφ− ωdt)2 + ρ2

∆
dr2 + ρ2dθ2 ,

(32.23)

where ∆, ρ,Σ,ω are the (unfortunately somewhat complicated) functions

∆(r) = r2 − 2mr + a2

ρ(r, θ)2 = r2 + a2 cos2 θ

Σ(r, θ) = (r2 + a2)2 −∆(r)a2 sin2 θ

ω(r, θ) = −gtφ/gφφ = 2mar/Σ(r, θ) .

(32.24)

For later use we note that the coefficients of the metric satisfy the simple (but rather

unobvious) relation

g2tφ − gttgφφ = ∆(r) sin2 θ . (32.25)

This also implies that the volume element
√
g has the surprisingly simple Schwarzschild-

like form
√
g = ρ2 sin θ (32.26)

(but we will not make use of this result below).

As mentioned in section 30.1, this metric describes the gravitational field outside a

rotating star or that of a rotating a black hole, with mass parameter m and angular

momentum parameter a (and with the condition |a| ≤ m, analogous to the condition

|q| ≤ m for the Reissner-Nordstrøm metric excluding naked singularities - we will only

look at the non-extremal case m2 > a2 in the following).

This metric is stationary, with time-translation Killing vector ξ = ∂t, and axially sym-

metric, with the rotational Killing vector η = ∂φ, and the Boyer-Lindquist coordinates

are evidently adapted to these two commuting symmetries. The most general Killing

vector of the Kerr metric is thus of the form

K = aξ + bη (32.27)
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with constant a, b. Because asymptotically the norm of η is proportional to r2, while the

norm of ξ is asymptotic to -1, the unique asymptotically timelike Killing vector of the

Kerr metric is (up to a constant rescaling) the time-translation Killing vector ξ = ∂t.

Since this metric is stationary, with Killing vector ξ, it makes sense to ask if or where this

(asymptotically timelike) Killing vector becomes null. Likewise, because of the existence

of a privileged (adapted) time-coordinate, there is a preferred class of observers, static

observers, which remain at fixed values of the spatial coordinates (r, θ,φ), with 4-velocity

uα ∼ ξα (32.28)

and it is legitimate ask if there is a static limit or infinite redshift surface for such

observers. Both of these questions amount to determining the zeros of

gαβξ
αξβ = gtt , (32.29)

and we will address this below.

Since the metric also has the axial Killing vevtor η = ∂φ, there is also a more general

class of privileged observers, called stationary observers, who remain at fixed values of

(r, θ) but rotate in the φ-direction with constant angular velocity Ω, so that

uα ∼ ξαΩ = ξα + Ωηα , (32.30)

and one can (and we will) also inquire about the existence of a corresponding station-

ary limit surface. Note that “constant angular velocity” here means “constant for an

observer at constant (r, θ)”, i.e. Ω = Ω(r, θ).

We will first consider ξ = ∂t and static observers. The question is thus if or where gtt is

zero. From the explicit expression for the metric given above one finds that

gtt(r, θ) = 0 ⇔ ρ2 − 2mr = r2 + a2 cos2 θ − 2mr = 0 , (32.31)

with solution (the rationale for the notation rsl(θ) will become apparent below)

r = rsl(θ) = m+
√

m2 − a2 cos2 θ . (32.32)

Thus at the poles θ = 0,π (on the axis of rotation) one has rsl = m +
√
m2 − a2, and

on the equatorial plane θ = π/2 one has rsl = 2m.

This surface

S = {r = rsl(θ)} (32.33)

has the following properties:

• r = rsl(θ) defines the static limit surface for static observers (hence the notation

rsl), i.e. no static observers can exist for r < rsl(θ).
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This is to be interpreted as the statement that outside the ergosphere stationary

observers can exist that can rotate either with or against the sense of rotation

of the black hole, while on and inside the ergosphere a stationary observer has

no choice but to rotate with (i.e. to be dragged along by) the black hole. This

condition Ω− > 0 continues to hold inside the ergosphere even when one adds

momentum in the r (and/or θ) direction, of either sign, and such observers can

then leave the ergopshere again. Thus the ergopshere is not like a horizon or 1-way

membrane.

From the above explicit expression for the Ω± we see that something special

happens not only when gtt = 0 (this we just discussed) but also when or where

∆(r) = 0. We will come back to this below.

2. Another way of stating that the ergosphere (static limit surface) S is not very

horizon-like is as the fact that S is a timelike surface, i.e. it has a spacelike normal

(away from the axis of rotation). This can be seen from the fact that a (non-

normalised) vector normal to

S(r, θ) = r − rsl(θ) = 0 (32.38)

will be

Nα = ∂αS : Nα = (0, 1,−drsl/dθ, 0) , (32.39)

with norm

NαN
α = grr + gθθ(drsl(θ)/dθ)

2 . (32.40)

With

grr =
∆

ρ2
, gθθ =

1

ρ2
(32.41)

this evaluates on r = rsl(θ) to

NαN
α =

1

2mrsl

m2a2 sin2 θ

m2 − a2 cos2 θ
≥ 0 , (32.42)

with NαNα = 0 only at the poles. Such a timelike surface can never act as a

horizon or 1-way membrane, since one can cross a timelike surface or timelike

worldline multiple times in both directions (otherwise it would be really hard to

meet people more than once!).

Thus, even though the Killing vector ξ becomes null on the ergopshere, this does

not imply all by itself that the surface on which ξ becomes null is itself a null

surface, even though this is what happened in the Schwarzschild case (we will see

in section 32.5 that in general in the static case the former implies the latter).

Looking back at the list in section 32.2, we see that the (more or less equivalent)

properties (1) and (3)-(5), as applied to ξ = ∂t, describe the ergopshere but not a
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• r = rsl also defines a surface of infinite redshift for static observers.

• The asymptotically timelike Killing vector ξ = ∂t becomes null at r = rsl(θ).

• rsl(θ) also defines what is commonly also called the ergosphere, and the region

between the ergosphere and the event horizon, which we will pinpoint below, is

then known as the ergoregion. This name arises from the fact (known as the

Penrose process), that (some of) the rotational energy of a rotating black hole can

be extracted from the ergoregion of a black hole (and ergon = work in ancient

Greek).

For the Schwarzschild metric, rsl(θ) → 2m = rs reduces to the Schwarzschild radius.

Thus it is our first candidate for the horizon of the Kerr black hole. However, whatever

other interesting properties the static limit surface or ergosphere S may have, such an

interpretation is not warranted here:

1. For example, even though no static observers can exist for r < rsl(θ), this does

not by itself imply that one cannot escape from that region, and it is also not

true. Indeed, while static observers cannot exist inside the ergosphere (static

limit surface) S, stationary observers with uα ∼ ξα +Ωηα can (for some range of

r < rsl(θ)) provided that they are willing to rotate with, i.e. in the direction of,

the black hole.

More precisely, requiring that uα or ξΩ = ξ + Ωη be timelike,

gtt + 2Ωgtφ + Ω2gφφ < 0 , (32.34)

leads to the condition that

Ω−(r, θ) < Ω(r, θ) < Ω+(r, θ) (32.35)

where

Ω± =
−gtφ ±

√
g2tφ − gttgφφ

gφφ
= ω ±

√
∆ρ2

Σ sin θ
(32.36)

are the two roots of the polynomial in (32.34). In the 2nd step I used the definition

of ω in (32.24) and the identity (32.25).

Now, on the ergosphere (static limit surface) S one has, by definition, gtt = 0,

so that Ω− = 0 there (note that gtφ is negative), while Ω− is negative (positive)

outside (inside) the ergosphere,

Ω−






< 0 for r > rsl
= 0 for r = rsl
> 0 for r < rsl

(32.37)
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32.3 Kerr Metric: Ergosphere vs Killing Horizon and Event Horizon

This example is the Kerr metric, already briefly mentioned in section 30.1. In contrast

to the Schwarzschild metric, it is neither static nor spherically symmetric, but it is still

stationary and axially symmetric.

The Kerr metric is perhaps the single most important exact solution of the Einstein

equations for astrophysical purposes, and there are a lot of things that should be said

about the Kerr metric (and this is done in most respectable textbooks of general rela-

tivity), but here I will focus on those that are relevant for the (horizon) issue at hand.

In Boyer-Lindquist coordinates (t, r, θ,φ), the Kerr metric is (30.3),(30.5)

ds2 = −
(
1− 2mr

ρ2

)
dt2 − 4mra sin2 θ

ρ2
dt dφ+

Σ

ρ2
sin2 θdφ2 +

ρ2

∆
dr2 + ρ2dθ2

= −ρ
2∆

Σ
dt2 +

Σ

ρ2
sin2 θ(dφ− ωdt)2 + ρ2

∆
dr2 + ρ2dθ2 ,

(32.23)

where ∆, ρ,Σ,ω are the (unfortunately somewhat complicated) functions

∆(r) = r2 − 2mr + a2

ρ(r, θ)2 = r2 + a2 cos2 θ

Σ(r, θ) = (r2 + a2)2 −∆(r)a2 sin2 θ

ω(r, θ) = −gtφ/gφφ = 2mar/Σ(r, θ) .

(32.24)

For later use we note that the coefficients of the metric satisfy the simple (but rather

unobvious) relation

g2tφ − gttgφφ = ∆(r) sin2 θ . (32.25)

This also implies that the volume element
√
g has the surprisingly simple Schwarzschild-

like form
√
g = ρ2 sin θ (32.26)

(but we will not make use of this result below).

As mentioned in section 30.1, this metric describes the gravitational field outside a

rotating star or that of a rotating a black hole, with mass parameter m and angular

momentum parameter a (and with the condition |a| ≤ m, analogous to the condition

|q| ≤ m for the Reissner-Nordstrøm metric excluding naked singularities - we will only

look at the non-extremal case m2 > a2 in the following).

This metric is stationary, with time-translation Killing vector ξ = ∂t, and axially sym-

metric, with the rotational Killing vector η = ∂φ, and the Boyer-Lindquist coordinates

are evidently adapted to these two commuting symmetries. The most general Killing

vector of the Kerr metric is thus of the form

K = aξ + bη (32.27)

714

horizon (but we keep an open mind regarding condition (6) because, as mentioned

above, ξ does not satisfy this condition since the ergosphere is not a null hypersurface).

Moving down in the list, we next have the (again more or less equivalent) conditions

(2) and (7)-(9). For the Kerr metric, one has

grr =
∆

ρ2
(32.43)

and therefore

grr(r) = 0 ⇔ ∆(r) = r2 − 2mr + a2 = 0 . (32.44)

This has the 2 roots

r± = m±
√

m2 − a2 , (32.45)

and we focus on r+, as this is the one one encounters first. Note that

r+ = m+
√

m2 − a2 ≤ m+
√

m2 − a2 cos2 θ = rsl(θ) (32.46)

with equality only at the poles θ = 0,π, i.e. on the axis of rotation.

Thus the surface r = r+ is null, at this point one (radial) leg of the lightcone is aligned

with this surface, and therefore this surface can (locally) only be crossed in one direction,

in the case at hand from r > r+ to r < r+. Thus r+ is our candidate for a black hole

horizon.

It turns out that this also agrees with the event horizon. Instead of attempting to confirm

this head-on, we first make the following observations regarding additional properties

of the null surface r = r+:

1. First of all we observe that at ∆(r) = 0 one has Ω+ = Ω− = ω. Thus r = r+ is

also the stationary limit surface beyond which stationary observers do not exist.

Thus stationary observers approach the angular velocity

Ωh ≡ ω(r+) =
a

r2+ + a2
(32.47)

at r = r+. This is interpreted as (and called) the angular velocity of the black

hole.

2. The calculation leading to (32.36) shows that at r = r+ the Killing vector

ξh ≡ ξΩh
= ξ + Ωhη (32.48)

becomes null, (
gαβξ

α
h ξ

β
h

)
|r=r+ = 0 . (32.49)

As noted at the beginning of this section, ξh is not asymptotically timelike. Nev-

ertheless, a preferred normalisation for ξ (such as ξαξα → −1 asymptotically) also

leads to a preferred normalisation for ξh.
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Thus the surface r = r+ is null, at this point one (radial) leg of the lightcone is aligned

with this surface, and therefore this surface can (locally) only be crossed in one direction,
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It turns out that this also agrees with the event horizon. Instead of attempting to confirm

this head-on, we first make the following observations regarding additional properties
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at r = r+. This is interpreted as (and called) the angular velocity of the black
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6. Moreover, we have that this locus is itself actually a null surface,

K ≡ {x : (gαβξ
αξβ)(x) = 0} = {r = rs} is a null hypersurface , (32.10)

Because the length of a Killing vector does not change in the direction of a Killing

vector (see (9.61) or (9.62)), ξ is tangent to K (and therefore also normal to K,

cf. the discussion of null hypersurfaces in section 17.1).

We now turn to the 2nd characterisation grr(rs) = 0:

7. We can reformulate this somewhat more invariantly as the statement that the nor-

mal vector to the hypersurfaces of constant r, Nα ∼ ∂αr, which is asymptotically

spacelike, becomes null at r = rs,

r = rs ⇒ gαβ∂αr∂βr = 0 (32.11)

and actually becomes timelike for r < rs,

r < rs ⇒ gαβ∂αr∂βr < 0 (32.12)

8. In particular, the hypersurface r = rs is null, and for r < rs one can only move

through the spacelike hypersurfaces of constant r in the direction of decreasing r,

r < rs ⇒ ṙ < 0 along future-directed timelike paths . (32.13)

As we have seen, a crucial role in our analysis of the Schwarzschild black hole was played

by analysing and understanding the behaviour of radial lightrays and lightcones, i.e. the

causal structure of the space-time. Let us reconsider r = rs from this point of view:

9. In Eddington-Finkelstein coordinates, by construction lines of constant v (and

constant (θ,φ)) describe ingoing radial lightrays. These are the trivial solutions

of

− f(r)dv2 + 2dvdr = 0 . (32.14)

The other solution is described by

2(dr/dv) = f(r) (“outgoing” lightrays) , (32.15)

and therefore for r < rs these would-be outgoing lightrays actually also move to

smaller values of r,

r < rs ⇒ dr/dv < 0 (“outgoing” lightrays are not outgoing) . (32.16)

Thus r = rs is where the lightcones “tilt over”, and can only be crossed in the

direction from r > rs to r < rs.
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Kerr black hole: Horizon
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1. First of all we observe that at ∆(r) = 0 one has Ω+ = Ω− = ω. Thus r = r+ is

also the stationary limit surface beyond which stationary observers do not exist.

Thus stationary observers approach the angular velocity

Ωh ≡ ω(r+) =
a

r2+ + a2
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at r = r+. This is interpreted as (and called) the angular velocity of the black

hole.

2. The calculation leading to (32.36) shows that at r = r+ the Killing vector

ξh ≡ ξΩh
= ξ + Ωhη (32.48)

becomes null, (
gαβξ
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h ξ

β
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)
|r=r+ = 0 . (32.49)

As noted at the beginning of this section, ξh is not asymptotically timelike. Nev-

ertheless, a preferred normalisation for ξ (such as ξαξα → −1 asymptotically) also

leads to a preferred normalisation for ξh.
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Important surfaces in the Kerr metric

 

[from d'Inverno's book]

Ergoregion
Ring singularity

Inner horizon     

Event horizon     Static limit



Kerr summary

[from nrumiano]



Killing horizon vs event horizon
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Killing horizon vs event horizon

⇤ = 0: ”Black Holes have No Hair”
The analytic, nondegenerate,connected classification in space-time dimension four;
contributions by Israel, Hawking, Carter, Robinson, Bunting, Mazur, PTC-Costa Lopes,
PTC-Sudarsky-Wald, Masood-ul-Alam, Ruback, PTC-Galloway, PTC-Reall-Tod, new
proof by Agostini-Mazzieri

Stationary,
electro-vacuum,

analytic,
non-degenerate,

connected,
regular black hole

=
Kerr-Newman

in the exterior region

Static,
electro-vacuum,

regular black hole
=

MP or RN
in the exterior region

Piotr T. Chruściel Brandon’s black holes

Brandon and black holes

Piotr T. Chruściel

University of Vienna

Paris, Carterfest, July 2022

Piotr T. Chruściel Brandon’s black holes

talk by



32.3 Kerr Metric: Ergosphere vs Killing Horizon and Event Horizon

This example is the Kerr metric, already briefly mentioned in section 30.1. In contrast

to the Schwarzschild metric, it is neither static nor spherically symmetric, but it is still

stationary and axially symmetric.

The Kerr metric is perhaps the single most important exact solution of the Einstein

equations for astrophysical purposes, and there are a lot of things that should be said

about the Kerr metric (and this is done in most respectable textbooks of general rela-

tivity), but here I will focus on those that are relevant for the (horizon) issue at hand.

In Boyer-Lindquist coordinates (t, r, θ,φ), the Kerr metric is (30.3),(30.5)

ds2 = −
(
1− 2mr

ρ2

)
dt2 − 4mra sin2 θ

ρ2
dt dφ+

Σ

ρ2
sin2 θdφ2 +

ρ2

∆
dr2 + ρ2dθ2

= −ρ
2∆

Σ
dt2 +

Σ

ρ2
sin2 θ(dφ− ωdt)2 + ρ2

∆
dr2 + ρ2dθ2 ,

(32.23)

where ∆, ρ,Σ,ω are the (unfortunately somewhat complicated) functions

∆(r) = r2 − 2mr + a2

ρ(r, θ)2 = r2 + a2 cos2 θ

Σ(r, θ) = (r2 + a2)2 −∆(r)a2 sin2 θ

ω(r, θ) = −gtφ/gφφ = 2mar/Σ(r, θ) .

(32.24)

For later use we note that the coefficients of the metric satisfy the simple (but rather

unobvious) relation

g2tφ − gttgφφ = ∆(r) sin2 θ . (32.25)

This also implies that the volume element
√
g has the surprisingly simple Schwarzschild-

like form
√
g = ρ2 sin θ (32.26)

(but we will not make use of this result below).

As mentioned in section 30.1, this metric describes the gravitational field outside a

rotating star or that of a rotating a black hole, with mass parameter m and angular

momentum parameter a (and with the condition |a| ≤ m, analogous to the condition

|q| ≤ m for the Reissner-Nordstrøm metric excluding naked singularities - we will only

look at the non-extremal case m2 > a2 in the following).

This metric is stationary, with time-translation Killing vector ξ = ∂t, and axially sym-

metric, with the rotational Killing vector η = ∂φ, and the Boyer-Lindquist coordinates

are evidently adapted to these two commuting symmetries. The most general Killing

vector of the Kerr metric is thus of the form

K = aξ + bη (32.27)
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Kerr singularity, extremal black holes, time machines
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Black holes are bald
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No hair theorems/arguments dictate that adding degrees of freedom 
lead to trivial (General Relativity) or singular solutions.
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E.g. in the standard scalar-tensor theories BH solutions are GR black 
holes with constant scalar.

• Gravitational collapse...

• Black holes eat or expel surrounding matter

• Their stationary phase is characterised by a limited number of charges

• No details about collapse 

• Black holes are bald

Collapse
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Example of hairy black hole
BBMB solution

Conformally coupled scalar field:

S[gµ⌫ ,�] =

Z p
�g

✓
R

16⇡G
� 1

2
@↵�@

↵�� 1

12
R�2

◆
d4x

<latexit sha1_base64="MtJUXuatvEAhxKkifzjeN/sQvI4="></latexit><latexit sha1_base64="ypUYo8WQmek+g4qKHXWtICv9ddI="></latexit>

Static spherically symmetric (nontrivial) solution:
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NB. The geometry is of that of extremal RN. 
        The scalar field is unbounded at r=m

Bocharova et al’70, Bekenstein’74



Gauss-Bonnet term

EoM for the scalar:

S =

Z
d4x

p
�g


M2

P

2
R� 1

2
gµ⌫@µ�@⌫�+ ��Ĝ

�
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Ĝ = RµνσαR
µνσα − 4RµνR

µν +R2Gauss-Bonnet invariant:

Source for the scalar: it cannot be trivial in BH background
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Solutions in "Galileon theory"

Black holes and stars in Horndeski theory 8

3. Horndeski black holes in shift symmetric theories

We will now turn to black hole spacetimes of theories with shift symmetry. Here we

should note that although we are mainly interested in spherical horizon geometries for

the 4-dimensional solutions, we shall consider for generality, a constant curvature 2 space

with line element

dK2 =
d�2

1� �2
+ �2d�2, (9)

where for  = 1 we have spherical symmetry, for  = 0 planar symmetry and for  = �1

hyperbolic symmetry. The additional cases with  = �1, 0 are included here for they

appear naturally as black hole horizons for negative (e↵ective or bulk) cosmological

constant and for Lifshitz type geometries. Although such geometries do not have an

immediate interest in cosmology, we include these cases here for completeness as the

parameter  appears simply as some normalized parameter in the equations of motion.

Additionally we take a locally static spacetime and thus we have

ds2 = �h(r)dt2 +
dr2

f(r)
+ r2dK2. (10)

The crucial point to note here is that since the scalar field appears only through its

derivatives in the Lagrangian, one a priori needs not impose staticity for the scalar.

In fact shift symmetric galileons naturally inherit some time dependence [32, 33] in

cosmological settings, which is translated to a space and time dependence in a spherically

symmetric setting (10). This is also true for self-tuning solutions [20] as we will see later

on in this section (see equation (13)). However, this dependence on time cannot be

arbitrary. Indeed, in order to have a well defined system of field equations, the 2 tensor

that is associated to the variation of the galileon terms with respect to the metric must

be static and spherically symmetric. In other words, the associated energy momentum

tensor of the galileon must obey the symmetries of spacetime, but not the galileon

itself!k
Treating the general case is possible but technically very tedious, so we will choose

to concentrate on specific sub-theories for which one can get analytic results. So let us

concentrate on a subset shift symmetric galileon theory notably,

L⇤CGJ = R� ⌘(@�)2 + �Gµ⌫@µ�@⌫�� 2⇤. (11)

This Lagrangian can be obtained by choosing G4 = 1 + �X and G2 = �2⇤ + 2⌘X.

Although the coupling ⌘ is canonically normalized to 1

2
, we keep it as ⌘ momentarily for

bookkeeping purposes. The field equations are

Eµ⌫ = Gµ⌫ � ⌘


@µ�@⌫�� 1

2
gµ⌫(@�)

2

�
+ gµ⌫⇤

+
�

2

⇥
(@�)2Gµ⌫ + 2Pµ↵⌫�r↵�r�� +gµ↵�

↵⇢�
⌫�� r

�r⇢�r�r��
⇤
= 0,

k The same guiding principle is used in GR with a complex scalar field in order to construct a hairy
”Kerr” type solution by Herdeiro and Radu [34].

EB, Charmousis’13

ds2 = �h(r)dt2 +
dr2

f(r)
+ r2d⌦2

<latexit sha1_base64="uMxvnO5sVeiIqow7K9TL3s2Z2ww="></latexit><latexit sha1_base64="blB1ySraEcwTHBxzqkNhFpqXZSI="></latexit>
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The variation of the action with respect to � yields

rµJ
µ = 0, Jµ = (⌘gµ⌫ � �Gµ⌫) @⌫�.

Here, the key term in the action is the John term from Fab 4 which has nice integrability

properties, as we will see. Although our discussion will be associated to the specific

action (11), the essential results go through quite generically. Sometimes integrability

has to be sacrificed on the way in the sense that one has to use numerical methods to

obtain solutions.

The e↵ective energy momentum tensor associated to the galileon is precisely

Tµ⌫ = �Eµ⌫ + Gµ⌫ + gµ⌫⇤. As we noted above, this tensor must obey the symmetries

of (10) but not the scalar itself. Note for example that the Einstein plus cosmological

constant term do not contribute to the Ttr = 0 equation but other terms in Etr do. This
equation generically describes the inflow of matter in a black hole geometry and will

inevitably constrain drastically the galileon field if it is not static. The first key result

is the following:

Consider the shift symmetric theory (11) with spacetime symmetry given by (10).

Starting with � = �(t, r) the only compatible ansatz with the field equations is

� = qt+  (r). (12)

Indeed, taking � = �(t, r), the flow equation Etr = 0 yields the general solution for � as

a separable function of t and r [35]. This function, when inserted in the remaining field

equations, gives (12) as the only possible ansatz (see the general discussion in [36]).

The only solution to escape the rule of linear time dependence imposed in (12) is

to consider self-tuning solutions for flat spacetime. For theory (11), this holds in the

case of ⌘ = 0 and ⇤ 6= 0 . This is a simple example of a time dependent scalar field

immersed in a static spacetime. Indeed, the solution reads

� = �0 + �1(r
2 � t2) (13)

with �0,�1 integration constants while f = h = 1 with  = 1 for (10). The self-tuning

condition reads VJohn�2

1
= ⇤ for arbitrary bulk ⇤, and constant VJohn [20, 36]¶.

We expect the linear time ansatz (12) to be true for generic shift symmetric

theories (the discussion in [36] includes the Paul term; solution (13) is also valid for this

term, see [20]). It is surprising and highly non trivial that there exist time dependent

configurations for a static spacetime. Mathematically, we can understand that if time

dependence is linear in t, we get explicitly ODE’s rather than PDE’s once we input (12)

in the field equations. It is worthwhile however to make a remark on the non-trivial

physical significance of (10) and (12).

¶ Note that the same solution in a cosmological coordinate system is a purely time dependent function,
� = �0 + �1T 2, where T is FRW proper time. This solution illustrates what we mentioned earlier, a
time dependent galileon yields generically a time and space dependent galileon in a static ansatz.

Time-dependent scalar !

Asymptotically dS/AdS:

Black holes and stars in Horndeski theory 15

solution to the above algebraic equation is given, the metric components are

h(r) = �µ

r
+

1

�r

Z
k(r)

+ r2

2�

dr, f =
(+ r2

2� )
2�h

k(r)
, (17)

whereas the scalar field (12) reads

 0 = ±
p
r

h(+ r2

2� )

✓
q2(+

r2

2�
)h0 � 1 + 2�⇤

4�2
(h2r2)0

◆1/2

.

An explicit proof can be found in [35] where here for the master equation we have

rescaled C0 by � and set ⌘ = 1

2
with respect to [35]. We note that the algebraic

equation is parametrized by q�, �⇤ and C0 and the overall sign of �. We now work out

the di↵erent classes of solutions according to their asymptotic behavior for large r.

3.3.1. Class I: dS and adS asymptotics For dS or adS asymptotics it is easy to see

from (16) that k = ↵r4 = 1�2�⇤
2�C0

r4 as r ! 1. Since we want f = h for r ! 1
we get that C0 = 1�2�⇤

p
�

. Therefore, once we fix C0 to this value, keeping q arbitrary,

we have asymptotically de Sitter or anti de Sitter solutions. The generic solution is

found as a solution to the algebraic solution, but a simple example is the self-tuned

Schwarzschild-(anti-)de Sitter spacetime which is given by

k0(r) =

✓
+

r2

2�

◆2

, (18)

where now the parameter q0 is fixed:

q2
0
� = (1 + 2�⇤). (19)

For de Sitter asymptotics, we take  = 1 and the solution reads

f = h = 1� µ

r
� ⇤e↵

3
r2,  0 = ± q

h

p
1� h, (20)

where the e↵ective cosmological constant ⇤e↵ = � 1

2� and hence � < 0 for ⇤e↵ > 0.

This solution has self-tuning properties since the vacuum value of ⇤ does not interfere

with the spacetime geometry. It is tuned by the integration constant q0 via (19). It is

quite remarkable that this self-tuning solution, first noted for pure de Sitter [50], can be

extended for generic black holes [35]. A characteristic of this particular solution is that

the kinetic scalar X = q2
0
/2 is a constant.

This self-tuning solution of de Sitter is therefore very special since q0 (and not only

C0) is fixed with respect to the parameters of the action (19). But in fact we will now

argue that self tuning remains beyond this particular value, q = q0, where of course X is

not constant. This would mean that a change in the bulk cosmological constant will not

change the self-tuning mechanism, in other words the e↵ective cosmological constant

remains the same. To see this, suppose that q2� = (1+ 2�⇤) + ✏, where ✏ is some small

number compared to 1+2�⇤. We now consider an expansion in ✏ to k = k0+ ✏k1 where

k0 is given in (18). It is then easy from (16) to show that

k(r) = �

✓
1 +

r2

2�

◆2
 
1 +

2✏

1 + 6�⇤� (1� 2�⇤) r
2

2�

!
+O(✏2).
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change the self-tuning mechanism, in other words the e↵ective cosmological constant

remains the same. To see this, suppose that q2� = (1+ 2�⇤) + ✏, where ✏ is some small

number compared to 1+2�⇤. We now consider an expansion in ✏ to k = k0+ ✏k1 where

k0 is given in (18). It is then easy from (16) to show that

k(r) = �

✓
1 +

r2

2�

◆2
 
1 +

2✏

1 + 6�⇤� (1� 2�⇤) r
2

2�

!
+O(✏2).



Properties of disformed Kerr in modified gravity
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M̃2 ≠ a2 cos2 ◊
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Degrees of freedom in GR
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Example of Maxwell field
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Linearised gravity

23 Linearised Gravity and Gravitational Waves

23.1 Preliminary Remarks

While it is evidently of interest to apply general relativity to situations where the grav-

itational field is so strong that the Newtonian approximation fails (and we will consider

such situations later on), in most ordinary situations, the gravitational field is weak, very

weak, and then it is legitimate to work with a linearisation of the Einstein equations.

When we first derived the Einstein equations we checked that we were doing the right

thing by deriving the Newtonian theory in the limit where

1. the gravitational field is weak

2. the gravitational field is static

3. matter is non-relativistic

The fact that the 2nd condition had to be imposed in order to recover the Newtonian

theory is interesting in its own right, as it suggests that there are novel features in general

relativity, even for weak fields, when the 2nd condition is not imposed. Indeed, as we

will see, in this more general setting one discovers that general relativity also predicts

the existence of gravitational waves, i.e. linearised perturbations of the gravitational

field propagating like ordinary waves on the (Minkowski) background geometry. Our

principal aim in this section will be to derive these linearised equations, show that they

are wave equations, and study some of their more elementary consequences.

An important next step would be to study and understand how or under which cir-

cumstances gravitational waves are created and how they can be detected. These,

unfortunately, are rather complicated questions in general and I will not enter into this.

The things I will cover in the following are much more elementary, both technically and

conceptually, than other applications of general relativity discussed elsewhere in these

notes.

23.2 Linearised Einstein Equations

We express the weakness of the gravitational field by the condition that the metric be

‘close’ to that of Minkowski space, i.e. that

gµν = g(1)µν ≡ ηµν + hµν (23.1)

with |hµν | " 1. This means that we will drop terms which are quadratic or of higher

power in hµν . Here and in the following the superscript (1) indicates that we keep only

up to linear (first order) terms in hµν . In particular, the inverse metric is

g(1)µν = ηµν − hµν (23.2)
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with |hµν | " 1. This means that we will drop terms which are quadratic or of higher

power in hµν . Here and in the following the superscript (1) indicates that we keep only

up to linear (first order) terms in hµν . In particular, the inverse metric is

g(1)µν = ηµν − hµν (23.2)
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where indices are raised with ηµν .

As one has thus essentially chosen a background metric, the Minkowski metric, one can

think of the linearised version of the Einstein equations (which are field equations for

hµν) as a Lorentz-invariant theory of a symmetric tensor field propagating in Minkowski

space-time. I won’t dwell on this but it is good to keep this in mind. It gives rise to

the field theorist’s picture of gravity as the theory of an interacting spin-2 field (which

is useful for many purposes but which I do not subscribe to unconditionally because it

is an inherently perturbative and background dependent picture).

It is straightforward to work out the Christoffel symbols and curvature tensors in this

approximation. The terms quadratic in the Christoffel symbols do not contribute to the

Riemann curvature tensor and one finds

Γ(1)µ
νλ = ηµρ 12(∂λhρν + ∂νhρλ − ∂ρhνλ)

R(1)
µνρσ = 1

2 (∂ρ∂νhµσ + ∂µ∂σhρν − ∂ρ∂µhνσ − ∂ν∂σhρµ) (23.3)

(this result for the Riemann tensor can also be inferred directly from the expression

(8.13) of the Riemann tensor at the origin of an inertial coordinate system). Hence

• the linearised Ricci tensor is

R(1)
µν = 1

2(∂σ∂νh
σ
µ + ∂σ∂µh

σ
ν − ∂µ∂νh−!hµν) , (23.4)

where

h ≡ hµµ = ηµνhµν = −h00 + δikhik (23.5)

is the trace of hµν and

! = ∂µ∂µ = −(∂0)2 +∆ (23.6)

is the Minkowski wave operator;

• the linearised Ricci scalar is

R(1) = ηµνR(1)
µν = ∂µ∂νh

µν −!h ; (23.7)

• the linearised Einstein tensor is

G(1)
µν = R(1)

µν − 1
2ηµνR

(1)

= 1
2(∂σ∂νh

σ
µ + ∂σ∂µh

σ
ν − ∂µ∂νh−!hµν − ηµν∂ρ∂σhρσ + ηµν!h) ;

(23.8)

• and the linearised vacuum Einstein equations

R(1)
µν = 0 ⇔ G(1)

µν = 0 (23.9)

are thus

R(1)
µν = 0 ⇔ ∂σ∂νh

σ
µ + ∂σ∂µh

σ
ν − ∂µ∂νh−!hµν = 0 , (23.10)

or, equivalently (in the form G(1)
µν = 0)

∂σ∂νh
σ
µ + ∂σ∂µh

σ
ν − ∂µ∂νh−!hµν − ηµν∂ρ∂σhρσ + ηµν!h = 0 . (23.11)
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The latter can be derived from the quadratic Minkowski space (Poincaré invariant) field

theory action (the Fierz-Pauli action (1939))

S[hµν ] =

∫
d4x L(hµν , ∂σhµν)

L(hµν , ∂σhµν) = −1
4hµν,σh

µν,σ + 1
2hµν,σh

σµ,ν + 1
4h

,σh,σ − 1
2h,σh

µσ
,µ

(23.12)

for a free massless spin-2 field described by the Lorentz tensor hµν . Indeed, variation of

the action with respect to the hµν (and the usual integration by parts) leads to

hµν → hµν + δhµν ⇒ δS[hµν ] = −
∫

d4x G(1)
µν δh

µν . (23.13)

Remarks:

1. Signs 1: note that from (23.2) one has

g(1)µν = ηµν − hµν ⇒ δg(1)µν = −δhµν , (23.14)

so that the sign in (23.13) is the standard one if expressed in terms of the variation

of gµν ,

δS[hµν ] = +

∫
d4x G(1)

µν δg
(1)µν . (23.15)

2. Signs 2: the sign and overall normalisation of the Lagrangian are also such that

one obtains the canonically normalised kinetic term

L = +1
4(∂thik)

2 + . . . (23.16)

for a 2-index field.

3. Note that the Lagrangian is not the linearised Einstein-Hilbert Lagrangian, i.e.

the linearised Ricci scalar (23.7) (as the latter is, by construction, linear in hµν).

Rather,

L = 1
2h

µνG(1)
µν + total derivative , (23.17)

where the total derivative contributions serve to turn the terms of the form h∂2h

arising from hµνG(1)
µν into the standard (∂h)2-form, so that L is of a standard

(quadratic) form in the derivatives of hµν , as it should be.

4. Note that we can indeed take the integration measure to be the flat Minkowski

measure d4x, as L is already quadratic in hµν and its derivatives, so that any

contribution of hµν to the measure would give a subleading contribution.

5. This theory, just like its spin-1 Maxwell counterpart, has a local gauge invariance

which we will return to and make use of below.
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6. In the presence of matter the linearised Einstein equations are

G(1)
µν = 8πGNT (0)

µν . (23.18)

Note that only the zero’th order term in the h-expansion appears on the right

hand side of this equation. This is due to the fact that Tµν must itself already

be small in order for the linearised approximation to be valid, i.e. T (0)
µν should be

of order hµν . Therefore, any terms in Tµν depending on hµν would already be of

order (hµν)2 and can be dropped.

7. The conservation law for the energy-momentum tensor is therefore just

∂µT
(0)µν = 0 , (23.19)

and this is indeed compatible with the linearised Bianchi identity

∂µG
(1)µν = 0 , (23.20)

which can easily be verified, and which reflects the invariance of the theory under

the linearised coordinate transformations to be discussed below.

23.3 Newtonian Limit Revisited

In section 19.3 we verified that the Newtonian (weak field, static, non-relativistic matter)

limit of the Einstein equations reduces to the Newtonian (Poisson) equation ∆φ =

4πGNρ. This is a special case of the above general weak-field limit equations (23.18),

with G(1)
µν given in (23.8), and it will be instructive to redo the calculation of section

19.3 from this more general perspective.

We thus assume an energy-momentum tensor whose only non-negligible component is

the energy density T00 = ρ, with ρ static and GNρ ! 1. Then we can assume that

the deviations of the space-time geometry from the Minkowski metric are small and

time-independent,

gµν = g(1)µν = ηµν + hµν , ∂0hµν = 0 . (23.21)

Then the (00)-component of the Einstein tensor reduces (after some cancellations) to

G(1)
00 = −1

2∆(δikhik) +
1
2∂i∂kh

ik . (23.22)

In particular, h00 and its derivatives have dropped out of this expression, which appears

to be at odds with the desired G00 = −∆g00 for Newtonian fields (section 19.3). How-

ever, we have not yet used at all the condition that Tik = 0 → Gik = 0. In particular,

for static perturbations we find from (23.8) that the trace of the spatial components of

the Einstein tensor is

δikG(1)
ik = 1

2∆(δikhik)− 1
2∂i∂kh

ik −∆h00 (23.23)
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for static perturbations we find from (23.8) that the trace of the spatial components of

the Einstein tensor is

δikG(1)
ik = 1

2∆(δikhik)− 1
2∂i∂kh

ik −∆h00 (23.23)
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Gauge freedom in linearised gravity

because of the non-trivial Jacobian,

d4y =

∣∣∣∣det
(
∂y

∂x

)∣∣∣∣ d
4x . (4.57)

One way out would be to abandon the idea that one should integrate scalars and to

require that the integrand ρ(x) should transform in such a way that it cancels the

Jacobian arising from the measure, namely as

ρ̄(y) =

∣∣∣∣det
(
∂y

∂x

)∣∣∣∣
−1

ρ(x) . (4.58)

This is indeed an option, and we will return to this below (see remark 1 in section

4.5), but at this stage this is rather unintuitive and not particularly useful, in particular

because it is not clear how one should go about finding or constructing such objects in

the first place.

A first simplification arises from the fact that (4.58) implies that

• if ρ(x) satisfies (4.58), then so will f(x)ρ(x) for any scalar f(x);

• and conversely, if ρ1(x) and ρ2(x) satisfy (4.58), then ρ2(x)/ρ1(x) ≡ f(x) is a

scalar.

Thus, in order to find all objects that satisfy (4.58), we just need to find a single one,

and with respect to that one as our measure we can then integrate any scalar function

f(x) in a generally covariant way,

ρ̄(y) =

∣∣∣∣det
(
∂y

∂x

)∣∣∣∣
−1

ρ(x) ⇒
∫

d4y ρ̄(y)f̄(y) =

∫
d4x ρ(x)f(x) (4.59)

In order to find one candidate ρ(x), let us approach this question in a different way.

Integrals are used to calculate or measure volumes (or areas, or lenghts, or . . . ). Such

integrals should have a coordinate-independent meaning, but they should depend on the

prescription one uses for measuring volumes, areas, lenghts, . . . These prescriptions are

concisely encoded in the metric. Thus it is plausible that in order to define a generally

covariant notion of integration one may need to specify the metric, but that this is

all that one should need to know (while the Jacobian between two coordinate systems

should fundamentally be irrelevant and be considered to be a red herring).

With this in mind, let us recall the standard tensorial transformation behaviour of the

metric under coordinate transformations,

ḡαβ(y) =
∂xµ

∂yα
∂xν

∂yβ
gµν(x) . (4.60)

It follows from this that the absolute value of the determinant of the metric

g := |det(gµν(x))| (4.61)
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4.4 Generally Covariant Integration and Volume Elements

While tensors are the objects which, in a sense, transform in the nicest and simplest

possible way under coordinate transformations, they are not the only relevant objects.

An important class of non-tensors (but “almost” tensors) are so-called tensor densities.

They will play a crucial role for us in order to have a generally-covariant notion of

integration at our disposal, and thus ultimately also a way of writing down generally

covariant action principles for fields etc.

In this section we will address the issue of generally covariant integration in a space-time

equipped with a metric. This will be accomplished with the help of a particular tensor

density constructed from the metric. Having thus established that tensor densities are

objects of legitimate interest in their own right, we will then discuss their properties in

more generality in section 4.5 below.

To set the stage, consider once again first the situation in special relativity. In that

case, the integral of a Lorentz scalar f(ξ) with respect to the volume element d4ξ (or

d27ξ . . . ) is itself a Lorentz scalar, i.e. independent of the inertial reference frame in

which the integral is evaluated,
∫

d4ξ f(ξ) =

∫
d4ξ̄ f̄(ξ̄) (ξ̄a = La

bξ
b) (4.51)

The reasons for this are that

1. f is a scalar by assumption,

f̄(ξ̄) = f(ξ) , (4.52)

2. by the fundamental theorem of integral calculus, under an arbitrary coordinate

transformation ξ → ξ̄ = ξ̄(ξ) the volume element transforms with the Jacobian,

the (absolute value of the) determinant of the Jacobi matrix,

d4ξ̄ =

∣∣∣∣det
∂ξ̄

∂ξ

∣∣∣∣ d
4ξ , (4.53)

3. for a Lorentz transformation one has
∣∣∣∣det

∂ξ̄

∂ξ

∣∣∣∣ = |detL| = 1 . (4.54)

and thus the volume element is invariant under Lorentz transformations,

d4ξ̄ = d4ξ . (4.55)

Turning now to general relativity and general covariance, it is immediately apparent

that the integral of a scalar
∫
d4x f(x) will not be generally covariant, i.e. under a

general coordinate transformation x→ y = y(x) generically one has
∫

d4x f(x) "=
∫

d4y f̄(y)(y) (4.56)
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represent the same physical perturbation because ηµν + LV ηµν is just an infinitesimal

coordinate transform of the Minkowski metric ηµν . Therefore linearised gravity has the

gauge freedom

hµν → hµν + ∂µVν + ∂νVµ . (23.59)

For example, the linearised Riemann tensor R(1)
µνρσ is, rather obviously, invariant under

this transformation. As a consequence, in particular also the Einstein tensor, and hence

the vacuum linearised Einstein equations, have this local gauge invariance. This can be

understood without any calculation by noting that under the variation

δV hµν = LV ηµν (23.60)

the linearised Riemann tensor transforms into the Riemann tensor for the Minkowski

metric,

δV R
(1)
µνρσ = LV Rµνρσ(ηαβ) = 0 . (23.61)

However, in contrast to the Lagrangian of Maxwell theory, say, the Lagrangian (23.12)

for linearised gravity is not strictly gauge invariant, but only invariant up to a total

derivative.

Given this gauge invariance of the linearised theory, for explicit calculations it is useful

to make a particular gauge choice and, as in Maxwell theory, a good choice of gauge can

simplify things considerably (and a bad choice of gauge can have the opposite effect).

It turns out that, in general, a very useful gauge condition is

gµνΓρµν = 0 . (23.62)

It is called the harmonic gauge condition, or Fock, or de Donder gauge condition (even

though harmonic coordinates were used extensively by Einstein himself until just before

the discovery of the final, truly generally covariant, formulation of general relativity).

The name harmonic derives from the fact that in this gauge the coordinate functions

xµ are harmonic:

!xµ ≡ gνρ∇ρ∂νxµ = −gνρΓµ
νρ , (23.63)

and thus

!xµ = 0 ⇔ gνρΓµ
νρ = 0 . (23.64)

It is the analogue of the Lorenz gauge ∂µAµ = 0 in Maxwell theory. Moreover, in

flat space Cartesian coordinates are obviously harmonic, and in general harmonic co-

ordinates are (like geodesic coordinates) a nice and useful curved space counterpart of

Cartesian coordinates.

In the linearised theory, this gauge condition becomes

∂µh
µ
λ −

1
2∂λh = 0 . (23.65)
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Linearised Einstein Equations 

represent the same physical perturbation because ηµν + LV ηµν is just an infinitesimal

coordinate transform of the Minkowski metric ηµν . Therefore linearised gravity has the
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hµν → hµν + ∂µVν + ∂νVµ . (23.59)

For example, the linearised Riemann tensor R(1)
µνρσ is, rather obviously, invariant under

this transformation. As a consequence, in particular also the Einstein tensor, and hence

the vacuum linearised Einstein equations, have this local gauge invariance. This can be

understood without any calculation by noting that under the variation

δV hµν = LV ηµν (23.60)

the linearised Riemann tensor transforms into the Riemann tensor for the Minkowski

metric,

δV R
(1)
µνρσ = LV Rµνρσ(ηαβ) = 0 . (23.61)

However, in contrast to the Lagrangian of Maxwell theory, say, the Lagrangian (23.12)

for linearised gravity is not strictly gauge invariant, but only invariant up to a total

derivative.

Given this gauge invariance of the linearised theory, for explicit calculations it is useful

to make a particular gauge choice and, as in Maxwell theory, a good choice of gauge can

simplify things considerably (and a bad choice of gauge can have the opposite effect).

It turns out that, in general, a very useful gauge condition is

gµνΓρµν = 0 . (23.62)

It is called the harmonic gauge condition, or Fock, or de Donder gauge condition (even

though harmonic coordinates were used extensively by Einstein himself until just before

the discovery of the final, truly generally covariant, formulation of general relativity).

The name harmonic derives from the fact that in this gauge the coordinate functions

xµ are harmonic:

!xµ ≡ gνρ∇ρ∂νxµ = −gνρΓµ
νρ , (23.63)

and thus

!xµ = 0 ⇔ gνρΓµ
νρ = 0 . (23.64)

It is the analogue of the Lorenz gauge ∂µAµ = 0 in Maxwell theory. Moreover, in

flat space Cartesian coordinates are obviously harmonic, and in general harmonic co-

ordinates are (like geodesic coordinates) a nice and useful curved space counterpart of

Cartesian coordinates.

In the linearised theory, this gauge condition becomes

∂µh
µ
λ −

1
2∂λh = 0 . (23.65)
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represent the same physical perturbation because ηµν + LV ηµν is just an infinitesimal

coordinate transform of the Minkowski metric ηµν . Therefore linearised gravity has the

gauge freedom

hµν → hµν + ∂µVν + ∂νVµ . (23.59)

For example, the linearised Riemann tensor R(1)
µνρσ is, rather obviously, invariant under

this transformation. As a consequence, in particular also the Einstein tensor, and hence

the vacuum linearised Einstein equations, have this local gauge invariance. This can be

understood without any calculation by noting that under the variation

δV hµν = LV ηµν (23.60)

the linearised Riemann tensor transforms into the Riemann tensor for the Minkowski

metric,

δV R
(1)
µνρσ = LV Rµνρσ(ηαβ) = 0 . (23.61)

However, in contrast to the Lagrangian of Maxwell theory, say, the Lagrangian (23.12)

for linearised gravity is not strictly gauge invariant, but only invariant up to a total

derivative.

Given this gauge invariance of the linearised theory, for explicit calculations it is useful

to make a particular gauge choice and, as in Maxwell theory, a good choice of gauge can

simplify things considerably (and a bad choice of gauge can have the opposite effect).

It turns out that, in general, a very useful gauge condition is

gµνΓρµν = 0 . (23.62)

It is called the harmonic gauge condition, or Fock, or de Donder gauge condition (even

though harmonic coordinates were used extensively by Einstein himself until just before

the discovery of the final, truly generally covariant, formulation of general relativity).

The name harmonic derives from the fact that in this gauge the coordinate functions

xµ are harmonic:

!xµ ≡ gνρ∇ρ∂νxµ = −gνρΓµ
νρ , (23.63)

and thus

!xµ = 0 ⇔ gνρΓµ
νρ = 0 . (23.64)

It is the analogue of the Lorenz gauge ∂µAµ = 0 in Maxwell theory. Moreover, in

flat space Cartesian coordinates are obviously harmonic, and in general harmonic co-

ordinates are (like geodesic coordinates) a nice and useful curved space counterpart of

Cartesian coordinates.

In the linearised theory, this gauge condition becomes

∂µh
µ
λ −

1
2∂λh = 0 . (23.65)
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The gauge parameter Vµ which will achieve this is the solution to the equation

!Vλ = −(∂µhµλ −
1
2∂λh) . (23.66)

Indeed, with this choice one has

∂µ(h
µ
λ + ∂µVλ + ∂λV

µ)− 1
2∂λ(h+ 2∂µVµ) = 0 . (23.67)

Note for later that, as in Maxwell theory, this gauge choice does not necessarily fix

the gauge completely. Any transformation xµ → xµ + ξµ with !ξµ = 0 will leave the

harmonic gauge condition invariant.

23.7 Wave Equation

Now let us use this gauge condition in the linearised Einstein equations. In this gauge

they simplify somewhat to

!hµν − 1
2ηµν!h = −16πGNT (0)

µν . (23.68)

In particular, the vacuum equations (or the equations in a source-free region of space-

time) are just

T (0)
µν = 0 ⇒ !hµν = 0 , (23.69)

which is the standarad relativistic wave equation. Together, the equations

!hµν = 0

∂µh
µ
λ −

1
2∂λh = 0 (23.70)

determine the evolution of a disturbance in a gravitational field in vacuum in the har-

monic gauge.

It is often convenient to consider the linear combination

h̄µν = hµν − 1
2ηµνh . (23.71)

This is also commonly known as the trace reversed perturbation, because in 4 space-time

dimensions (but only there) one has

h̄µµ = −hµµ . (23.72)

Note, as an aside, that with this notation and terminology the Einstein tensor (again

in 4 space-time dimensions only) is the trace reversed Ricci tensor,

R̄µν = Rµν − 1
2gµνR = Gµν . (23.73)
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2∂λh) . (23.66)

Indeed, with this choice one has

∂µ(h
µ
λ + ∂µVλ + ∂λV
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Note for later that, as in Maxwell theory, this gauge choice does not necessarily fix
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2ηµν!h = −16πGNT (0)

µν . (23.68)

In particular, the vacuum equations (or the equations in a source-free region of space-

time) are just

T (0)
µν = 0 ⇒ !hµν = 0 , (23.69)

which is the standarad relativistic wave equation. Together, the equations

!hµν = 0

∂µh
µ
λ −

1
2∂λh = 0 (23.70)

determine the evolution of a disturbance in a gravitational field in vacuum in the har-

monic gauge.

It is often convenient to consider the linear combination

h̄µν = hµν − 1
2ηµνh . (23.71)

This is also commonly known as the trace reversed perturbation, because in 4 space-time

dimensions (but only there) one has

h̄µµ = −hµµ . (23.72)

Note, as an aside, that with this notation and terminology the Einstein tensor (again

in 4 space-time dimensions only) is the trace reversed Ricci tensor,

R̄µν = Rµν − 1
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The gauge parameter Vµ which will achieve this is the solution to the equation

!Vλ = −(∂µhµλ −
1
2∂λh) . (23.66)

Indeed, with this choice one has

∂µ(h
µ
λ + ∂µVλ + ∂λV

µ)− 1
2∂λ(h+ 2∂µVµ) = 0 . (23.67)

Note for later that, as in Maxwell theory, this gauge choice does not necessarily fix

the gauge completely. Any transformation xµ → xµ + ξµ with !ξµ = 0 will leave the

harmonic gauge condition invariant.

23.7 Wave Equation

Now let us use this gauge condition in the linearised Einstein equations. In this gauge

they simplify somewhat to

!hµν − 1
2ηµν!h = −16πGNT (0)

µν . (23.68)

In particular, the vacuum equations (or the equations in a source-free region of space-

time) are just

T (0)
µν = 0 ⇒ !hµν = 0 , (23.69)

which is the standarad relativistic wave equation. Together, the equations

!hµν = 0

∂µh
µ
λ −

1
2∂λh = 0 (23.70)

determine the evolution of a disturbance in a gravitational field in vacuum in the har-

monic gauge.

It is often convenient to consider the linear combination

h̄µν = hµν − 1
2ηµνh . (23.71)

This is also commonly known as the trace reversed perturbation, because in 4 space-time

dimensions (but only there) one has

h̄µµ = −hµµ . (23.72)

Note, as an aside, that with this notation and terminology the Einstein tensor (again

in 4 space-time dimensions only) is the trace reversed Ricci tensor,

R̄µν = Rµν − 1
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In terms of h̄µν , the linearised Einstein equations and the harmonic gauge condition (in

any dimension) are just

!h̄µν = −16πGNT (0)
µν

∂µh̄
µ
ν = 0 . (23.74)

This way of writing the linearised Einstein equations sharpens the analogy with the

Maxwell equations in the Lorenz gauge:

• the Lorenz gauge ∂µAµ = 0 decouples the Maxwell equations for Aµ which in this

gauge read !Aµ = −jµ

• the gauge condition ∂µh̄
µ
ν = 0 decouples the linearised Einstein equations for the

variables h̄µν which in this gauge read !h̄µν = −16πGNT (0)
µν .

One solution is, of course, the retarded solution

h̄µν(t, #x) = 4GN

∫
d3x′

T (0)
µν (t− |#x− #x′|, #x′)

|#x− #x′|
. (23.75)

Note that, as a consequence of ∂µT (0)µν = 0, this solution is automatically in the

harmonic gauge. As usual, the general solution is then a sum of this particular solution

of the inhomogeneous equation and the general solution of the homogeneous equation.

23.8 Polarisation Tensor and the Metric of a Gravitational Wave

The homogeneous equation is the linearised vacuum Einstein equation in the harmonic

gauge,

!h̄µν = 0 . (23.76)

This is clearly solved by

h̄µν = εµνe
ikαxα , (23.77)

where εµν is a constant, symmetric polarisation tensor and kα is a constant wave vector,

provided that kα is null, kαkα = 0. In order to obtain real metrics from this one should

of course use real linear combinations of such solutions in the end.

Thus plane waves are solutions to the linearised equations of motion and the Einstein

equations predict the existence of gravitational waves travelling along null geodesics (at

the speed of light). The timelike component of the wave vector is often referred to as

the frequency ω of the wave, and we can write kµ = (ω, ki). Plane waves are of course

not the most general solutions to the wave equations but any solution can be written

as a superposition of plane wave solutions (wave packets).
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In terms of h̄µν , the linearised Einstein equations and the harmonic gauge condition (in
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µν

∂µh̄
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This way of writing the linearised Einstein equations sharpens the analogy with the

Maxwell equations in the Lorenz gauge:

• the Lorenz gauge ∂µAµ = 0 decouples the Maxwell equations for Aµ which in this
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• the gauge condition ∂µh̄
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variables h̄µν which in this gauge read !h̄µν = −16πGNT (0)
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Note that, as a consequence of ∂µT (0)µν = 0, this solution is automatically in the

harmonic gauge. As usual, the general solution is then a sum of this particular solution
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where εµν is a constant, symmetric polarisation tensor and kα is a constant wave vector,

provided that kα is null, kαkα = 0. In order to obtain real metrics from this one should
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the speed of light). The timelike component of the wave vector is often referred to as
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Note that, as a consequence of ∂µT (0)µν = 0, this solution is automatically in the

harmonic gauge. As usual, the general solution is then a sum of this particular solution
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provided that kα is null, kαkα = 0. In order to obtain real metrics from this one should
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In terms of h̄µν , the linearised Einstein equations and the harmonic gauge condition (in

any dimension) are just

!h̄µν = −16πGNT (0)
µν

∂µh̄
µ
ν = 0 . (23.74)

This way of writing the linearised Einstein equations sharpens the analogy with the

Maxwell equations in the Lorenz gauge:

• the Lorenz gauge ∂µAµ = 0 decouples the Maxwell equations for Aµ which in this

gauge read !Aµ = −jµ

• the gauge condition ∂µh̄
µ
ν = 0 decouples the linearised Einstein equations for the

variables h̄µν which in this gauge read !h̄µν = −16πGNT (0)
µν .

One solution is, of course, the retarded solution

h̄µν(t, #x) = 4GN

∫
d3x′

T (0)
µν (t− |#x− #x′|, #x′)

|#x− #x′|
. (23.75)

Note that, as a consequence of ∂µT (0)µν = 0, this solution is automatically in the

harmonic gauge. As usual, the general solution is then a sum of this particular solution

of the inhomogeneous equation and the general solution of the homogeneous equation.

23.8 Polarisation Tensor and the Metric of a Gravitational Wave

The homogeneous equation is the linearised vacuum Einstein equation in the harmonic

gauge,

!h̄µν = 0 . (23.76)

This is clearly solved by

h̄µν = εµνe
ikαxα , (23.77)

where εµν is a constant, symmetric polarisation tensor and kα is a constant wave vector,

provided that kα is null, kαkα = 0. In order to obtain real metrics from this one should

of course use real linear combinations of such solutions in the end.

Thus plane waves are solutions to the linearised equations of motion and the Einstein

equations predict the existence of gravitational waves travelling along null geodesics (at

the speed of light). The timelike component of the wave vector is often referred to as

the frequency ω of the wave, and we can write kµ = (ω, ki). Plane waves are of course

not the most general solutions to the wave equations but any solution can be written

as a superposition of plane wave solutions (wave packets).
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6. In the presence of matter the linearised Einstein equations are

G(1)
µν = 8πGNT (0)

µν . (23.18)

Note that only the zero’th order term in the h-expansion appears on the right

hand side of this equation. This is due to the fact that Tµν must itself already

be small in order for the linearised approximation to be valid, i.e. T (0)
µν should be

of order hµν . Therefore, any terms in Tµν depending on hµν would already be of

order (hµν)2 and can be dropped.

7. The conservation law for the energy-momentum tensor is therefore just

∂µT
(0)µν = 0 , (23.19)

and this is indeed compatible with the linearised Bianchi identity

∂µG
(1)µν = 0 , (23.20)

which can easily be verified, and which reflects the invariance of the theory under

the linearised coordinate transformations to be discussed below.

23.3 Newtonian Limit Revisited

In section 19.3 we verified that the Newtonian (weak field, static, non-relativistic matter)

limit of the Einstein equations reduces to the Newtonian (Poisson) equation ∆φ =

4πGNρ. This is a special case of the above general weak-field limit equations (23.18),

with G(1)
µν given in (23.8), and it will be instructive to redo the calculation of section

19.3 from this more general perspective.

We thus assume an energy-momentum tensor whose only non-negligible component is

the energy density T00 = ρ, with ρ static and GNρ ! 1. Then we can assume that

the deviations of the space-time geometry from the Minkowski metric are small and

time-independent,

gµν = g(1)µν = ηµν + hµν , ∂0hµν = 0 . (23.21)

Then the (00)-component of the Einstein tensor reduces (after some cancellations) to

G(1)
00 = −1

2∆(δikhik) +
1
2∂i∂kh

ik . (23.22)

In particular, h00 and its derivatives have dropped out of this expression, which appears

to be at odds with the desired G00 = −∆g00 for Newtonian fields (section 19.3). How-

ever, we have not yet used at all the condition that Tik = 0 → Gik = 0. In particular,

for static perturbations we find from (23.8) that the trace of the spatial components of

the Einstein tensor is

δikG(1)
ik = 1

2∆(δikhik)− 1
2∂i∂kh

ik −∆h00 (23.23)

482

h?2 ;2M2`�H bQHmiBQM Bb i?2M � bmK Q7 i?Bb T�`iB+mH�` bQHmiBQM Q7 i?2 BM?QKQ;2@
M2Qmb 2[m�iBQM �M/ i?2 ;2M2`�H bQHmiBQM Q7 i?2 ?QKQ;2M2Qmb 2[m�iBQM

<latexit sha1_base64="+zdeH8mEfWnLyVjFZjqI6w8mUTQ="></latexit>



Polarization of gravitational waves
h?2 HBM2�`Bb2/ p�+mmK 1BMbi2BM 2[m�iBQM BM i?2 ?�`KQMB+ ;�m;2-

<latexit sha1_base64="Lc1LWhOs6yEHgcxvvFyYcnwoRAs="></latexit>

In terms of h̄µν , the linearised Einstein equations and the harmonic gauge condition (in

any dimension) are just

!h̄µν = −16πGNT (0)
µν

∂µh̄
µ
ν = 0 . (23.74)

This way of writing the linearised Einstein equations sharpens the analogy with the

Maxwell equations in the Lorenz gauge:

• the Lorenz gauge ∂µAµ = 0 decouples the Maxwell equations for Aµ which in this

gauge read !Aµ = −jµ

• the gauge condition ∂µh̄
µ
ν = 0 decouples the linearised Einstein equations for the

variables h̄µν which in this gauge read !h̄µν = −16πGNT (0)
µν .

One solution is, of course, the retarded solution

h̄µν(t, #x) = 4GN

∫
d3x′

T (0)
µν (t− |#x− #x′|, #x′)

|#x− #x′|
. (23.75)

Note that, as a consequence of ∂µT (0)µν = 0, this solution is automatically in the

harmonic gauge. As usual, the general solution is then a sum of this particular solution

of the inhomogeneous equation and the general solution of the homogeneous equation.

23.8 Polarisation Tensor and the Metric of a Gravitational Wave

The homogeneous equation is the linearised vacuum Einstein equation in the harmonic

gauge,

!h̄µν = 0 . (23.76)

This is clearly solved by

h̄µν = εµνe
ikαxα , (23.77)

where εµν is a constant, symmetric polarisation tensor and kα is a constant wave vector,

provided that kα is null, kαkα = 0. In order to obtain real metrics from this one should

of course use real linear combinations of such solutions in the end.

Thus plane waves are solutions to the linearised equations of motion and the Einstein

equations predict the existence of gravitational waves travelling along null geodesics (at

the speed of light). The timelike component of the wave vector is often referred to as

the frequency ω of the wave, and we can write kµ = (ω, ki). Plane waves are of course

not the most general solutions to the wave equations but any solution can be written

as a superposition of plane wave solutions (wave packets).
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In terms of h̄µν , the linearised Einstein equations and the harmonic gauge condition (in

any dimension) are just

!h̄µν = −16πGNT (0)
µν

∂µh̄
µ
ν = 0 . (23.74)

This way of writing the linearised Einstein equations sharpens the analogy with the

Maxwell equations in the Lorenz gauge:

• the Lorenz gauge ∂µAµ = 0 decouples the Maxwell equations for Aµ which in this

gauge read !Aµ = −jµ

• the gauge condition ∂µh̄
µ
ν = 0 decouples the linearised Einstein equations for the

variables h̄µν which in this gauge read !h̄µν = −16πGNT (0)
µν .

One solution is, of course, the retarded solution

h̄µν(t, #x) = 4GN

∫
d3x′

T (0)
µν (t− |#x− #x′|, #x′)

|#x− #x′|
. (23.75)

Note that, as a consequence of ∂µT (0)µν = 0, this solution is automatically in the

harmonic gauge. As usual, the general solution is then a sum of this particular solution

of the inhomogeneous equation and the general solution of the homogeneous equation.

23.8 Polarisation Tensor and the Metric of a Gravitational Wave

The homogeneous equation is the linearised vacuum Einstein equation in the harmonic

gauge,

!h̄µν = 0 . (23.76)

This is clearly solved by

h̄µν = εµνe
ikαxα , (23.77)

where εµν is a constant, symmetric polarisation tensor and kα is a constant wave vector,

provided that kα is null, kαkα = 0. In order to obtain real metrics from this one should

of course use real linear combinations of such solutions in the end.

Thus plane waves are solutions to the linearised equations of motion and the Einstein

equations predict the existence of gravitational waves travelling along null geodesics (at

the speed of light). The timelike component of the wave vector is often referred to as

the frequency ω of the wave, and we can write kµ = (ω, ki). Plane waves are of course

not the most general solutions to the wave equations but any solution can be written

as a superposition of plane wave solutions (wave packets).
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So far, we have ten parameters εµν and four parameters kµ to specify the wave, but

many of these are spurious, i.e. can be eliminated by using the freedom to perform

linearised coordinate transformations and Lorentz rotations.

First of all, the harmonic gauge condition implies that

∂µh̄
µ
ν = 0 ⇒ kµεµν = 0 . (23.78)

Now we can make use of the residual gauge freedom xµ → xµ + ξµ with !ξµ = 0 to

impose further conditions on the polarisation tensor. Since this is a wave equation for

ξµ, once we have specified a solution for ξµ we will have fixed the gauge completely.

Alternatively, note that under hµν → hµν + ∂µVν + ∂νVµ one has

h̄µν → h̄µν + ∂µVν + ∂νVµ − ηµν∂λV λ

⇒ ∂µh̄µν → ∂µh̄µν +!Vν
(23.79)

so that the gauge condition is invariant precisely under linearised coordinate transfor-

mations with !Vµ = 0. Taking the solution of this equation to be of the form

Vµ = vµe
ikαxα , (23.80)

the polarisation tensor transforms according to

εαβ → εαβ + i(kαvβ + kβvα)− iηαβk
γvγ . (23.81)

One can now choose the vµ in such a way (see the example below) that the new polari-

sation tensor satisfies kµεµν = 0 (as before) as well as

εµ0 = εµµ = 0 . (23.82)

All in all, we appear to have nine conditions on the polarisation tensor εµν but as both

(23.78) and the first of (23.82) imply kµεµ0 = 0, only eight of these are independent.

Therefore, there are two independent polarisations for a gravitational wave.

Together with kµεµν = 0, these gauge conditions thus impose the conditions

kµh̄µν = 0 , h̄µ0 = 0 , h̄µµ = 0 . (23.83)

This is known as the transverse traceless gauge, and a field satisfying this gauge is

frequently denoted by h̄TT
µν .

For example, let us consider a wave travelling in the x3-direction,

kµ = (ω, 0, 0, k3) = (ω, 0, 0,ω) . (23.84)

Then

• the condition kµεµν = 0 becomes ε3ν = −ε0ν
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This is known as the transverse traceless gauge, and a field satisfying this gauge is
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For example, let us consider a wave travelling in the x3-direction,
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Then
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• the condition ε00 = 0 determines v0 − v3, and also implies ε30 = 0

• the other linear combination v0 + v3 ∼ kαvα can be used to achieve εµµ = 0

• the conditions ε10 = ε20 = 0 determine v1 and v2

Therefore, the only independent components are εab with a, b = 1, 2. As εab is symmetric

and traceless, this wave is completely characterised by ε11 = −ε22, ε12 = ε21 and the

frequency ω.

Now we should not forget that, when talking about the polarisation tensor of a gravi-

tational wave, we are actually talking about the space-time metric itself. Namely, since

for a traceless perturbation we have

εµµ = 0 ⇒ h̄αβ = hαβ , (23.85)

we have deduced that the metric describing a gravitational wave travelling in the x3-

direction can always be put into the form

ds2 = −dt2 + (δab + hab)dx
adxb + (dx3)2 , (23.86)

with hab = hab(t∓ x3) symmetric and traceless. This neatly encodes and describes the

distortion of the space-time geometry in the directions transverse to the gravitational

wave.

Remarks:

1. Introducing null coordinates

u = t− x3 , v = t+ x3 , (23.87)

the gravitational wave metric can be written as

ds2 = −du dv + (δab + hab(u))dx
adxb . (23.88)

Explicitly, with xa = (x, y), the linearised perturbation can be written as

hab(u)dx
adxb = h+(u)(dx

2 − dy2) + 2h×(u)dxdy , (23.89)

with two arbitrary functions h11(u) ≡ h+(u) and h12(u) ≡ h×(u) (see the next

section 23.9 for an explanation of this notation).

2. This analysis was rather evidently independent of the dimension. In D dimensions

the polarisation states of a graviton are described by a symmetric, transverse, and

traceless tensor hab where a, b = 1, . . . ,D − 2. Thus the number of physical

polarisation states of a graviton in D dimensions are

#[hab] =
(D − 2)(D − 1)

2
− 1 =

D(D − 3)

2
. (23.90)
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Effects of a gravitational wave

In!uence of Curvature on Particle Trajectories (gravitational tidal forces): 
How gravitational tidal forces change trajectories of nearby particles ?

It is the counterpart of (8.31) that we will be seeking in the context of General Rela-

tivity. One derivation of this can be modelled on the Newtonian derivation above. It

is elementary but looks non-covariant (and therefore somewhat messy) at intermediate

stages of the calculation (see section 12.1 for a manifestly covariant derivation).

The starting point is of course the geodesic equation for xµ and for its nearby partner

xµ + δxµ,
d2

dτ2x
µ + Γµ

νλ(x)
d
dτ x

ν d
dτ x

λ = 0 , (8.34)

and
d2

dτ2 (x
µ + δxµ) + Γµ

νλ(x+ δx) d
dτ (x

ν + δxν) d
dτ (x

λ + δxλ) = 0 . (8.35)

As above, from these one can deduce an equation for δx, namely

d2

dτ2 δx
µ + 2Γµ

νλ(x)
d
dτ x

ν d
dτ δx

λ + ∂ρΓ
µ
νλ(x)δx

ρ d
dτ x

ν d
dτ x

λ = 0 . (8.36)

Now this does not look particularly covariant. Thus instead of in terms of d/dτ we

would like to rewrite this in terms of the covariant operator Dτ , with

Dτδx
µ =

d

dτ
δxµ + Γµ

νλ

dxν

dτ
δxλ . (8.37)

Calculating (Dτ )2δxµ, replacing ẍµ appearing in that expression by −Γµ
νλẋ

ν ẋλ (be-

cause xµ satisfies the geodesic equation) and using (8.36), one eventually finds the nice

covariant geodesic deviation equation

(Dτ )
2δxµ = Rµ

νλρẋ
ν ẋλδxρ (8.38)

Remarks:

1. This shows very clearly that curvature, as captured by the Riemann curvature

tensor, leads to non-Euclidean geometry in which e.g. the parallel axiom is not

necessarily satisifed.

2. In general, solutions to the geodesic deviation equation are called Jacobi fields.

They describe the difference between the given geodesic and a (hypothetical) in-

finitely close neighbouring geodesic.

3. Clearly the present derivation of this result leaves something to be desired. It

is also possible to give a manifestly covariant, and thus perhaps slightly more

satisfactory, derivation of the above geodesic deviation equation, and we will return

to this in section 12.1.
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δxµ + Γµ

νλ

dxν

dτ
δxλ . (8.37)

Calculating (Dτ )2δxµ, replacing ẍµ appearing in that expression by −Γµ
νλẋ

ν ẋλ (be-

cause xµ satisfies the geodesic equation) and using (8.36), one eventually finds the nice

covariant geodesic deviation equation

(Dτ )
2δxµ = Rµ

νλρẋ
ν ẋλδxρ (8.38)

Remarks:

1. This shows very clearly that curvature, as captured by the Riemann curvature

tensor, leads to non-Euclidean geometry in which e.g. the parallel axiom is not

necessarily satisifed.

2. In general, solutions to the geodesic deviation equation are called Jacobi fields.

They describe the difference between the given geodesic and a (hypothetical) in-

finitely close neighbouring geodesic.

3. Clearly the present derivation of this result leaves something to be desired. It

is also possible to give a manifestly covariant, and thus perhaps slightly more

satisfactory, derivation of the above geodesic deviation equation, and we will return

to this in section 12.1.
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We consider the situation where the test particles are initially, in the absence of the

gravitational wave, at rest, uµ = (1, 0, 0, 0). Then the gravitational wave will lead, to

lowest order in the perturbation hµν , to a 4-velocity
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However, because the Riemann tensor is already of order h, to lowest order the right
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µ00σ = 1
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(because h0µ = 0). On the other hand, to lowest order the left hand side is just the

ordinary time derivative. Thus the geodesic deviation equation becomes (an overdot

denoting a t-derivative)

S̈µ = 1
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µ
σ Sσ . (23.95)

In particular, we see immediately that the gravitational wave is transversally polarised,
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x 1

x 2

Figure 9: Effect of a gravitational wave with polarisation ε11 moving in the x3-direction,

on a ring of test particles in the x1 − x2-plane.

the particles are only disturbed in directions perpendicular to the wave. The movement

of the particles in the 1-2 plane is then governed by

S̈a = 1
2 ḧ

a
b S

b ≡ −(Ω2)ab S
b , (23.96)

which is the equation of a 2-dimensional time-dependent harmonic oscillator, giving rise

to characteristic oscillating movements of the test particles in the 1-2 plane. With

hab = e−iω(t− x3)εab , (23.97)

as above, one has

(Ω2)ab =
1
2ω

2hab , (23.98)

and we can consider separately the two cases (1) ε12 = 0 and (2) ε11 = −ε22 = 0.

1. For ε12 = 0 one has

S̈1(t) = −1
2ε11ω

2e−iωtS1(t) e iωx
3

S̈2(t) = +1
2ε11ω

2e−iωtS2(t) e iωx
3

(23.99)

Recalling that εab is small, the solution to lowest order is simply

S1(t) = (1 + 1
2ε11e

−iω(t− x3))S1(0)

S2(t) = (1− 1
2ε11e

−iω(t− x3))S2(0)
(23.100)

Given the interpretation of Sµ as a separation vector, this means that particles

originally separated in the x1-direction will oscillate back and forth in the x1-

direction and likewise for x2. A nice (and classical) way to visualise this (see

Figure 9) is to start off with a ring of particles in the 1 − 2 plane. As the wave

passes by the particles will start bouncing in such a way that the ring bounces in

the shape of a cross +. For this reason, ε11 is also frequently written as ε+.

494

x 1

x 2

Figure 9: Effect of a gravitational wave with polarisation ε11 moving in the x3-direction,

on a ring of test particles in the x1 − x2-plane.

the particles are only disturbed in directions perpendicular to the wave. The movement

of the particles in the 1-2 plane is then governed by

S̈a = 1
2 ḧ
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Given the interpretation of Sµ as a separation vector, this means that particles

originally separated in the x1-direction will oscillate back and forth in the x1-

direction and likewise for x2. A nice (and classical) way to visualise this (see

Figure 9) is to start off with a ring of particles in the 1 − 2 plane. As the wave

passes by the particles will start bouncing in such a way that the ring bounces in

the shape of a cross +. For this reason, ε11 is also frequently written as ε+.
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Figure 10: Effect of a gravitational wave with polarisation ε12 moving in the x3-direction,

on a ring of test particles in the x1 − x2-plane.

2. If, on the other hand, ε11 = 0 but ε12 = ε21 "= 0, then the lowest order solution is

S1(t) = S1(0) + 1
2ε12e

−iω(t− x3)S2(0)

S2(t) = S2(0) + 1
2ε12e

−iω(t− x3)S1(0) .
(23.101)

This time the deplacement in the x1-direction is governed by the original deplace-

ment in the x2-direction and vice-versa, and the ring of particles will bounce in

the shape of a × (ε12 = ε×) - see Figure 10.

3. Of course, one can also construct circularly polarised waves by using

εR,L =
1√
2
(ε11 ± iε12) . (23.102)

These solutions display the characteristic behaviour of quadrupole radiation, and this is

something that we might have anticipated on general grounds. First of all, we know from

Birkhoff’s theorem (see section 24.6) that a spherically symmetric vacuum solution of the

Einstein field equations is necessarily static. Thus there can be no radial oscillations, and

thus no monopole (s-wave) radiation. Moreover, dipole radiation is due to oscillations of

the center of charge. While this is certainly possible for electric charges, an oscillation

of the center of mass would violate momentum conservation and is therefore ruled out.

Thus the lowest possible mode of gravitational radiation is quadrupole radiation, just

as we have found.

23.10 Brief Comments on Production and Energy of Gravitational Waves

Now that we have found the solutions to the vacuum equations, we should include

sources and study the production of gravitational waves, characterise the type of radia-

tion that is emitted, estimate the radiated energy etc. However, this is quite a delicate

495

x 1

x 2

Figure 10: Effect of a gravitational wave with polarisation ε12 moving in the x3-direction,

on a ring of test particles in the x1 − x2-plane.

2. If, on the other hand, ε11 = 0 but ε12 = ε21 "= 0, then the lowest order solution is

S1(t) = S1(0) + 1
2ε12e

−iω(t− x3)S2(0)

S2(t) = S2(0) + 1
2ε12e

−iω(t− x3)S1(0) .
(23.101)

This time the deplacement in the x1-direction is governed by the original deplace-

ment in the x2-direction and vice-versa, and the ring of particles will bounce in

the shape of a × (ε12 = ε×) - see Figure 10.

3. Of course, one can also construct circularly polarised waves by using

εR,L =
1√
2
(ε11 ± iε12) . (23.102)

These solutions display the characteristic behaviour of quadrupole radiation, and this is

something that we might have anticipated on general grounds. First of all, we know from

Birkhoff’s theorem (see section 24.6) that a spherically symmetric vacuum solution of the

Einstein field equations is necessarily static. Thus there can be no radial oscillations, and

thus no monopole (s-wave) radiation. Moreover, dipole radiation is due to oscillations of

the center of charge. While this is certainly possible for electric charges, an oscillation

of the center of mass would violate momentum conservation and is therefore ruled out.

Thus the lowest possible mode of gravitational radiation is quadrupole radiation, just

as we have found.

23.10 Brief Comments on Production and Energy of Gravitational Waves

Now that we have found the solutions to the vacuum equations, we should include

sources and study the production of gravitational waves, characterise the type of radia-

tion that is emitted, estimate the radiated energy etc. However, this is quite a delicate

495

x 1

x 2

Figure 10: Effect of a gravitational wave with polarisation ε12 moving in the x3-direction,

on a ring of test particles in the x1 − x2-plane.

2. If, on the other hand, ε11 = 0 but ε12 = ε21 "= 0, then the lowest order solution is

S1(t) = S1(0) + 1
2ε12e

−iω(t− x3)S2(0)

S2(t) = S2(0) + 1
2ε12e

−iω(t− x3)S1(0) .
(23.101)

This time the deplacement in the x1-direction is governed by the original deplace-

ment in the x2-direction and vice-versa, and the ring of particles will bounce in

the shape of a × (ε12 = ε×) - see Figure 10.

3. Of course, one can also construct circularly polarised waves by using

εR,L =
1√
2
(ε11 ± iε12) . (23.102)

These solutions display the characteristic behaviour of quadrupole radiation, and this is

something that we might have anticipated on general grounds. First of all, we know from

Birkhoff’s theorem (see section 24.6) that a spherically symmetric vacuum solution of the

Einstein field equations is necessarily static. Thus there can be no radial oscillations, and

thus no monopole (s-wave) radiation. Moreover, dipole radiation is due to oscillations of

the center of charge. While this is certainly possible for electric charges, an oscillation

of the center of mass would violate momentum conservation and is therefore ruled out.

Thus the lowest possible mode of gravitational radiation is quadrupole radiation, just

as we have found.

23.10 Brief Comments on Production and Energy of Gravitational Waves

Now that we have found the solutions to the vacuum equations, we should include

sources and study the production of gravitational waves, characterise the type of radia-

tion that is emitted, estimate the radiated energy etc. However, this is quite a delicate

495

◊ TQH�`Bb�iBQM

<latexit sha1_base64="q2NODcEyYOGk79ZsSrD1gfpcW6Y="></latexit>



Production Gravitational Waves 

we need to include sources 

and both technically and conceptually quite challenging subject, and I will just develop

this to the extent that the quadrupole property of the radiation becomes plausible.65

In order to study the production of gravitational waves, we need to include sources, i.e.

we need to go back to the retarded solution (23.75)

h̄µν(t, !x) = 4GN

∫
d3y

T (0)
µν (t− |!x− !y|, !y)

|!x− !y| . (23.103)

At large distances, and if the source does not oscillate too rapidly (the wavelength

should be much larger than the size of the source), one can approximate this by

h̄µν(t, !x) ≈
4GN

r

∫
d3y T ret

µν (t, !y) , (23.104)

where r = |!x| and the retarded source is

T ret
µν (t, !y) = T (0)

µν (t− r, !y) . (23.105)

This is the gravitational analogue of the dipole approximation to the multipole expan-

sion in electrodynamics (and, as we will see, here this turns out to be a quadrupole

approximation).

Next, since T (0)
µν is conserved, also

h̄µ0 ∼
∫

d3y T (ret)
µ0 (23.106)

is conserved, i.e. time-independent. Therefore, in this approximation the leading (1/r)-

part of h̄µ0 will not lead to gravitational waves. We can thus concentrate on the spatial

components

h̄ik(t, !x) ≈
4GN

r

∫
d3y T ret

ik (t, !y) , (23.107)

Using the Laue theorem (7.53),
∫

d3x T ik = 1
2(∂0)

2
∫

d3x T00x
ixk ≡ 1

2Q̈
ik , (23.108)

we thus have

h̄ik(t, !x) ≈
2GN

r
Q̈ret

ik , (23.109)

where (7.54)

Qret
ik (t) =

∫
d3x ρretxixk (23.110)

is the quadrupole moment tensor of the retarded energy density T ret
00 = ρret. Thus, if

the source has a time-dependence

ρ(t) ∼ e−iΩt , (23.111)

65See e.g. S. Weinberg, Gravitation and Cosmology, B. Schutz, A first course in general relativity, or

S. Carroll, Spacetime and Geometry, and of course C. Misner, K. Thorne, J. Wheeler, Gravitation for

detailed discussionss.
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∫
d3y T ret

ik (t, !y) , (23.107)

Using the Laue theorem (7.53),
∫

d3x T ik = 1
2(∂0)

2
∫

d3x T00x
ixk ≡ 1

2Q̈
ik , (23.108)

we thus have

h̄ik(t, !x) ≈
2GN

r
Q̈ret

ik , (23.109)

where (7.54)

Qret
ik (t) =

∫
d3x ρretxixk (23.110)

is the quadrupole moment tensor of the retarded energy density T ret
00 = ρret. Thus, if

the source has a time-dependence

ρ(t) ∼ e−iΩt , (23.111)
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and both technically and conceptually quite challenging subject, and I will just develop

this to the extent that the quadrupole property of the radiation becomes plausible.65

In order to study the production of gravitational waves, we need to include sources, i.e.

we need to go back to the retarded solution (23.75)

h̄µν(t, !x) = 4GN

∫
d3y

T (0)
µν (t− |!x− !y|, !y)

|!x− !y| . (23.103)

At large distances, and if the source does not oscillate too rapidly (the wavelength

should be much larger than the size of the source), one can approximate this by

h̄µν(t, !x) ≈
4GN

r

∫
d3y T ret

µν (t, !y) , (23.104)

where r = |!x| and the retarded source is

T ret
µν (t, !y) = T (0)

µν (t− r, !y) . (23.105)

This is the gravitational analogue of the dipole approximation to the multipole expan-

sion in electrodynamics (and, as we will see, here this turns out to be a quadrupole

approximation).
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say (of course, one should in the end take real superpositions of such modes), then

h̄ik(t, r) ≈ −2GNΩ2Qret
ik

e−iΩ(t− r)

r
(23.112)

clearly describes an outgoing spherical wave.

As noted before, the retarded solution is automatically in the harmonic gauge, but it

is not yet in the transverse traceless gauge. Transforming the above solution to the

transverse traceless gauge, one finds that the (transverse, traceless) components

h̄TT
ab = hTT

ab (23.113)

are naturally expressed not in terms of the quadrupole moments Qik but in terms of

the so-called “reduced” (traceless) quadrupole moments

Qret
ik =

∫
d3x ρret(xixk − 1

3δikr
2)

= Qret
ik − 1

3δik(Q
ret)jj .

(23.114)

These formulae can now in principle be applied to various specific situations of interest

by specifying the source term appropriately.

Finally, one quantity of particular interest is of course the energy radiated away by the

source. However, as discussed in section 22.6, the notion of “gravitational energy” or

“energy of the gravitational field” is not in general well defined and raises numerous

conceptual and technical issues. One might perhaps have hoped that these issues can

be completely side-stepped in the linearised theory we are dealing with here, which is

after all much more like a standard field theory in Minkowski space. And indeed, several

strategies are available, and they all lead to expressions for the energy-density which

are of the standard form “quadratic in the derivatives of the fields”. For example one

can

• proceed by analogy with quadrupole radiation in Maxwell theory,

• use the (Belinfante-improved) Noether energy-momentum tensor of the quadratic

Fierz-Pauli action (23.12),

• expand the Einstein equations not only to linear but to quadratic order in the fluc-

tuations hµν and interpret the quadratic terms as the gravitational contribution

to the energy-momentum tensor,

• . . .

E.g. in the transverse traceless gauge the Fierz-Pauli action reduces to a “standard”

quadratic action

L = −1
2(η

αβ∂αh11∂βh11 + ηαβ∂αh12∂βh12) . (23.115)
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For hab = hab(t− x3), say, this gives rise to an energy density and energy flux

Θ00 = −Θ03 = (ḣ11)
2 + (ḣ12)

2 ∼ r−2(
...
Qret)2 . (23.116)

On the basis of such considerations one might expect or anticipate the total radiated

energy to be proportional to something like

dE/dt ∼ −(
...
Q

ret
)2 . (23.117)

However, dealing with quadratic terms in a linearised theory is somewhat dodgy and not

strictly speaking internally consistent. As a consequence, equally plausible strategies

may not necessarily lead to equivalent results. Nevertheless, there appears to be some

consensus that a formula like this is indeed correct, and more specifically that (with

certain approximations and averaging) one has the remarkable formula

dE

dt
= −GN

5
(
...
Qret)ik(

...
Qret)ik . (23.118)

While this formula (with its 3rd derivative squared) may look unfamiliar, it is precisely

analogous to the corresponding formula for the radiated power of an electric quadrupole

in Maxwell theory (also proportional to
...
Q

2
). The main difference between gravitational

and electro-magentic radiation lies in the fact that in the Maxwell case the leading

(lowest multipole) contribution arises from dipole radiation, while in the gravitational

case the leading contribution is quadrupole radiation.

23.11 Even Briefer Comments on Detection of Gravitational Waves

I will conclude this section with some very general comments on the detection of gravi-

tational waves.

In principle, this ought to be straightforward. In practice, however, because of the

extreme weakness of gravitational fields, this is about as far from straightforward as

one can possibly imagine. For example, on the basis of the calculations done in section

23.9, one might like to simply try to track the separation of two freely suspended masses

(and this is indeed part of the principle of the interferometers I will briefly return to

below).

Alternatively, the particles need not be free but could be connected by a solid piece

of material. Then gravitational tidal forces will stress the material. If the resonant

frequency of this “antenna” equals the frequency of the gravitational wave, this should

lead to a detectable oscillation. This is the principle of the so-called Weber detectors

or Weber bars (1966-. . . ). While fine in principle, in practice gravitational waves are

extremely weak. To the best of my knowledge, such detectors have not produced con-

clusive results so far, and other detection techniques are favoured in modern generations

of detectors.
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