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takes the form

ds2 = −dv2 + 2dv dr + r2dΩ2 (29.1)

and the Schwarzschild metric (with v = t + r∗) has the ingoing Eddington-Finkelstein

form

ds2 = −f(r)dv2 + 2dv dr + r2dΩ2 , f(r) = 1− 2m

r
. (29.2)

In both metrics, ingoing lightrays are described by lines of constant v.

The relevance of these two metrics for the probem at hand arises from the fact that

in the two vacuum regions inside and outside the shell one will have (essentially by

Birkhoff’s theorem)

• the flat Minkowski geometry inside the shell

• and the Schwarzschild metric outside the shell.

In these adapted ingoing coordinates, we can assume that the shell moves along the

ingoing null trajectory v = v0, as viewed from both the internal Minkowski geometry

and the external Schwarzschild geometry.

Naively, one can then simply attempt to describe the metric in ingoing Minkowski /

Eddington-Finkelstein coordinates by

ds2 = −f(v, r)dv2 + 2dv dr + r2dΩ2 , f(v, r) = 1−
2mf

r
Θ(v − v0) , (29.3)

where mf (or mf/GN ) is the final / total mass and Θ(v) is the step function. See

section 29.2 for a slightly more detailed justification for this ansatz.

This metric has the form of an ingoing Vaidya metric

ds2 = −f(v, r)dv2 + 2dv dr + r2dΩ2 , f(v, r) = 1− 2m(v)

r
, (29.4)

in this particular case with the distributional mass function

m(v) = mfΘ(v − v0) . (29.5)

Vaidya metrics will be briefly mentioned in section 30.2 in an overview of black hole

solutions, see (30.17), and then again in sections 32.8 and 32.9 in the context of the

discussion of black hole horizons, and will be be discussed in some detail in sections 40

- 42.

Calculating the Einstein tensor of this metric (or using e.g. (40.9)), one finds that this

is a solution of the Einstein equations with an energy-momentum tensor whose only

non-vanishing component is

Tvv =
1

4πGN

mf

r2
δ(v − v0) . (29.6)
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section 29.2 for a slightly more detailed justification for this ansatz.

This metric has the form of an ingoing Vaidya metric

ds2 = −f(v, r)dv2 + 2dv dr + r2dΩ2 , f(v, r) = 1− 2m(v)

r
, (29.4)

in this particular case with the distributional mass function

m(v) = mfΘ(v − v0) . (29.5)

Vaidya metrics will be briefly mentioned in section 30.2 in an overview of black hole

solutions, see (30.17), and then again in sections 32.8 and 32.9 in the context of the
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is a solution of the Einstein equations with an energy-momentum tensor whose only
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Simple Models of Gravitational Collapse 

This describes purely ingoing radiation, localised along the null world volume of the

shell, with constant total mass M = mf/GN , as desired and expected,

It is clear that at some point the radius of the shell (moving along the line v = v0 in the

direction of decreasing r) will reach and then cross its Schwarzschild radius. Once that

has happened, the exterior Schwarzschild geometry (covering the Schwarzschild patch

as well as the region outside the shell but inside the Schwarzschild radius) describes a

black hole with a future event horizon. However, there is no trace here of either the

mirror region III or the white hole region IV.

This is best understood by looking at the Penrose diagram for this solution. Let us

first just draw the null worldline of the shell in the Penrose diagram of Minkowski space

(Figure 23). This is given in Figure 29.
r
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Figure 29: Penrose Diagram indicating the worldline of a null shell in Minkowski space.

The worldline of the shell is given by the line v = v0. Only the interior part (below the

line v = v0) is displayed correctly in this diagram.

However, this does not yet describe correctly the gravitational field / geometry of this

situation. Inside the shell (i.e. below the line v = v0), the geometry is indeed that of

Minkowski space, so this part of the diagram is correct. However, outside of the shell

(above the line v = v0) the geometry is the Schwarzschild geometry, and there is a

singularity when the shell collapses to zero size (reaches r = 0).

To see what this amounts to we can also add the worldline of the shell to the Penrose

diagram version of the Kruskal diagram (Figure 27). In this way we arrive at Figure 30.

In this diagram, only the geometry outside the shell (i.e. above the line v = v0) is

displayed correctly (as that of the Schwarzschild space-time), while the inside should

be replaced by Minkowski space. The correct diagram is thus obtained by gluing the

649

correct part of the diagram

Incorrect part of the diagram

i0

I+

r
=
2mH+

r
=
2mH−

I−

r = 0

r = 0

i+

i−

sh
ell

v = v0

Figure 30: Penrose Diagram indicating the worldline of a null shell in the maximally

extended Schwarzschild geometry. The worldline of the shell is given by the line v = v0.

Only the exterior part (above the line v = v0) is displayed correctly in this diagram.

two Penrose diagrams in Figures 29 and 30 together along the worldline of the shell. As

a consequence, the mirror region III and the white hole region IV get exorcised from

the diagram (as well as part of the black hole region II). In this way one arrives at the

diagram in Figure 31.
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Figure 31: Penrose Diagram for the collapse of a thin null shell to a black hole. The

worldline of the shell is given by the line v = v0. In the region v < v0 inside the shell the

geometry is that of Minkowski space; the geometry outside the shell is Schwarzschild.

Formation of the black hole occurs when the shell crosses the event horizon H+.

Remarks:

1. Notice that, as indicated in the figure, the event horizon H+ starts growing /

expanding from r = 0 a long time before the shell arrives or crosses its Schwarz-

schild radius. This apparently acausal / prescient behaviour is a peculiar, but
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Kerr metric

32.3 Kerr Metric: Ergosphere vs Killing Horizon and Event Horizon

This example is the Kerr metric, already briefly mentioned in section 30.1. In contrast

to the Schwarzschild metric, it is neither static nor spherically symmetric, but it is still

stationary and axially symmetric.

The Kerr metric is perhaps the single most important exact solution of the Einstein

equations for astrophysical purposes, and there are a lot of things that should be said

about the Kerr metric (and this is done in most respectable textbooks of general rela-

tivity), but here I will focus on those that are relevant for the (horizon) issue at hand.

In Boyer-Lindquist coordinates (t, r, θ,φ), the Kerr metric is (30.3),(30.5)

ds2 = −
(
1− 2mr

ρ2

)
dt2 − 4mra sin2 θ

ρ2
dt dφ+

Σ

ρ2
sin2 θdφ2 +

ρ2

∆
dr2 + ρ2dθ2

= −ρ
2∆

Σ
dt2 +

Σ

ρ2
sin2 θ(dφ− ωdt)2 + ρ2

∆
dr2 + ρ2dθ2 ,

(32.23)

where ∆, ρ,Σ,ω are the (unfortunately somewhat complicated) functions

∆(r) = r2 − 2mr + a2

ρ(r, θ)2 = r2 + a2 cos2 θ

Σ(r, θ) = (r2 + a2)2 −∆(r)a2 sin2 θ

ω(r, θ) = −gtφ/gφφ = 2mar/Σ(r, θ) .

(32.24)

For later use we note that the coefficients of the metric satisfy the simple (but rather

unobvious) relation

g2tφ − gttgφφ = ∆(r) sin2 θ . (32.25)

This also implies that the volume element
√
g has the surprisingly simple Schwarzschild-

like form
√
g = ρ2 sin θ (32.26)

(but we will not make use of this result below).

As mentioned in section 30.1, this metric describes the gravitational field outside a

rotating star or that of a rotating a black hole, with mass parameter m and angular

momentum parameter a (and with the condition |a| ≤ m, analogous to the condition

|q| ≤ m for the Reissner-Nordstrøm metric excluding naked singularities - we will only

look at the non-extremal case m2 > a2 in the following).

This metric is stationary, with time-translation Killing vector ξ = ∂t, and axially sym-

metric, with the rotational Killing vector η = ∂φ, and the Boyer-Lindquist coordinates

are evidently adapted to these two commuting symmetries. The most general Killing

vector of the Kerr metric is thus of the form

K = aξ + bη (32.27)
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vector of the Kerr metric is thus of the form

K = aξ + bη (32.27)
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Kerr metric

32.3 Kerr Metric: Ergosphere vs Killing Horizon and Event Horizon

This example is the Kerr metric, already briefly mentioned in section 30.1. In contrast

to the Schwarzschild metric, it is neither static nor spherically symmetric, but it is still

stationary and axially symmetric.

The Kerr metric is perhaps the single most important exact solution of the Einstein

equations for astrophysical purposes, and there are a lot of things that should be said

about the Kerr metric (and this is done in most respectable textbooks of general rela-

tivity), but here I will focus on those that are relevant for the (horizon) issue at hand.

In Boyer-Lindquist coordinates (t, r, θ,φ), the Kerr metric is (30.3),(30.5)

ds2 = −
(
1− 2mr

ρ2

)
dt2 − 4mra sin2 θ

ρ2
dt dφ+

Σ

ρ2
sin2 θdφ2 +

ρ2

∆
dr2 + ρ2dθ2

= −ρ
2∆

Σ
dt2 +

Σ

ρ2
sin2 θ(dφ− ωdt)2 + ρ2

∆
dr2 + ρ2dθ2 ,

(32.23)

where ∆, ρ,Σ,ω are the (unfortunately somewhat complicated) functions

∆(r) = r2 − 2mr + a2

ρ(r, θ)2 = r2 + a2 cos2 θ

Σ(r, θ) = (r2 + a2)2 −∆(r)a2 sin2 θ

ω(r, θ) = −gtφ/gφφ = 2mar/Σ(r, θ) .

(32.24)

For later use we note that the coefficients of the metric satisfy the simple (but rather

unobvious) relation

g2tφ − gttgφφ = ∆(r) sin2 θ . (32.25)

This also implies that the volume element
√
g has the surprisingly simple Schwarzschild-

like form
√
g = ρ2 sin θ (32.26)

(but we will not make use of this result below).

As mentioned in section 30.1, this metric describes the gravitational field outside a

rotating star or that of a rotating a black hole, with mass parameter m and angular

momentum parameter a (and with the condition |a| ≤ m, analogous to the condition

|q| ≤ m for the Reissner-Nordstrøm metric excluding naked singularities - we will only

look at the non-extremal case m2 > a2 in the following).

This metric is stationary, with time-translation Killing vector ξ = ∂t, and axially sym-

metric, with the rotational Killing vector η = ∂φ, and the Boyer-Lindquist coordinates

are evidently adapted to these two commuting symmetries. The most general Killing

vector of the Kerr metric is thus of the form

K = aξ + bη (32.27)
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with constant a, b. Because asymptotically the norm of η is proportional to r2, while the

norm of ξ is asymptotic to -1, the unique asymptotically timelike Killing vector of the

Kerr metric is (up to a constant rescaling) the time-translation Killing vector ξ = ∂t.

Since this metric is stationary, with Killing vector ξ, it makes sense to ask if or where this

(asymptotically timelike) Killing vector becomes null. Likewise, because of the existence

of a privileged (adapted) time-coordinate, there is a preferred class of observers, static

observers, which remain at fixed values of the spatial coordinates (r, θ,φ), with 4-velocity

uα ∼ ξα (32.28)

and it is legitimate ask if there is a static limit or infinite redshift surface for such

observers. Both of these questions amount to determining the zeros of

gαβξ
αξβ = gtt , (32.29)

and we will address this below.

Since the metric also has the axial Killing vevtor η = ∂φ, there is also a more general

class of privileged observers, called stationary observers, who remain at fixed values of

(r, θ) but rotate in the φ-direction with constant angular velocity Ω, so that

uα ∼ ξαΩ = ξα + Ωηα , (32.30)

and one can (and we will) also inquire about the existence of a corresponding station-

ary limit surface. Note that “constant angular velocity” here means “constant for an

observer at constant (r, θ)”, i.e. Ω = Ω(r, θ).

We will first consider ξ = ∂t and static observers. The question is thus if or where gtt is

zero. From the explicit expression for the metric given above one finds that

gtt(r, θ) = 0 ⇔ ρ2 − 2mr = r2 + a2 cos2 θ − 2mr = 0 , (32.31)

with solution (the rationale for the notation rsl(θ) will become apparent below)

r = rsl(θ) = m+
√

m2 − a2 cos2 θ . (32.32)

Thus at the poles θ = 0,π (on the axis of rotation) one has rsl = m +
√
m2 − a2, and

on the equatorial plane θ = π/2 one has rsl = 2m.

This surface

S = {r = rsl(θ)} (32.33)

has the following properties:

• r = rsl(θ) defines the static limit surface for static observers (hence the notation

rsl), i.e. no static observers can exist for r < rsl(θ).
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This is to be interpreted as the statement that outside the ergosphere stationary

observers can exist that can rotate either with or against the sense of rotation

of the black hole, while on and inside the ergosphere a stationary observer has

no choice but to rotate with (i.e. to be dragged along by) the black hole. This

condition Ω− > 0 continues to hold inside the ergosphere even when one adds

momentum in the r (and/or θ) direction, of either sign, and such observers can

then leave the ergopshere again. Thus the ergopshere is not like a horizon or 1-way

membrane.

From the above explicit expression for the Ω± we see that something special

happens not only when gtt = 0 (this we just discussed) but also when or where

∆(r) = 0. We will come back to this below.

2. Another way of stating that the ergosphere (static limit surface) S is not very

horizon-like is as the fact that S is a timelike surface, i.e. it has a spacelike normal

(away from the axis of rotation). This can be seen from the fact that a (non-

normalised) vector normal to

S(r, θ) = r − rsl(θ) = 0 (32.38)

will be

Nα = ∂αS : Nα = (0, 1,−drsl/dθ, 0) , (32.39)

with norm

NαN
α = grr + gθθ(drsl(θ)/dθ)

2 . (32.40)

With

grr =
∆

ρ2
, gθθ =

1

ρ2
(32.41)

this evaluates on r = rsl(θ) to

NαN
α =

1

2mrsl

m2a2 sin2 θ

m2 − a2 cos2 θ
≥ 0 , (32.42)

with NαNα = 0 only at the poles. Such a timelike surface can never act as a

horizon or 1-way membrane, since one can cross a timelike surface or timelike

worldline multiple times in both directions (otherwise it would be really hard to

meet people more than once!).

Thus, even though the Killing vector ξ becomes null on the ergopshere, this does

not imply all by itself that the surface on which ξ becomes null is itself a null

surface, even though this is what happened in the Schwarzschild case (we will see

in section 32.5 that in general in the static case the former implies the latter).

Looking back at the list in section 32.2, we see that the (more or less equivalent)

properties (1) and (3)-(5), as applied to ξ = ∂t, describe the ergopshere but not a
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∆
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• r = rsl also defines a surface of infinite redshift for static observers.

• The asymptotically timelike Killing vector ξ = ∂t becomes null at r = rsl(θ).

• rsl(θ) also defines what is commonly also called the ergosphere, and the region

between the ergosphere and the event horizon, which we will pinpoint below, is

then known as the ergoregion. This name arises from the fact (known as the

Penrose process), that (some of) the rotational energy of a rotating black hole can

be extracted from the ergoregion of a black hole (and ergon = work in ancient

Greek).

For the Schwarzschild metric, rsl(θ) → 2m = rs reduces to the Schwarzschild radius.

Thus it is our first candidate for the horizon of the Kerr black hole. However, whatever

other interesting properties the static limit surface or ergosphere S may have, such an

interpretation is not warranted here:

1. For example, even though no static observers can exist for r < rsl(θ), this does

not by itself imply that one cannot escape from that region, and it is also not

true. Indeed, while static observers cannot exist inside the ergosphere (static

limit surface) S, stationary observers with uα ∼ ξα +Ωηα can (for some range of

r < rsl(θ)) provided that they are willing to rotate with, i.e. in the direction of,

the black hole.

More precisely, requiring that uα or ξΩ = ξ + Ωη be timelike,

gtt + 2Ωgtφ + Ω2gφφ < 0 , (32.34)

leads to the condition that

Ω−(r, θ) < Ω(r, θ) < Ω+(r, θ) (32.35)

where

Ω± =
−gtφ ±

√
g2tφ − gttgφφ

gφφ
= ω ±

√
∆ρ2

Σ sin θ
(32.36)

are the two roots of the polynomial in (32.34). In the 2nd step I used the definition

of ω in (32.24) and the identity (32.25).

Now, on the ergosphere (static limit surface) S one has, by definition, gtt = 0,

so that Ω− = 0 there (note that gtφ is negative), while Ω− is negative (positive)

outside (inside) the ergosphere,

Ω−






< 0 for r > rsl
= 0 for r = rsl
> 0 for r < rsl

(32.37)
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32.3 Kerr Metric: Ergosphere vs Killing Horizon and Event Horizon

This example is the Kerr metric, already briefly mentioned in section 30.1. In contrast

to the Schwarzschild metric, it is neither static nor spherically symmetric, but it is still

stationary and axially symmetric.

The Kerr metric is perhaps the single most important exact solution of the Einstein

equations for astrophysical purposes, and there are a lot of things that should be said

about the Kerr metric (and this is done in most respectable textbooks of general rela-

tivity), but here I will focus on those that are relevant for the (horizon) issue at hand.

In Boyer-Lindquist coordinates (t, r, θ,φ), the Kerr metric is (30.3),(30.5)

ds2 = −
(
1− 2mr

ρ2

)
dt2 − 4mra sin2 θ

ρ2
dt dφ+

Σ

ρ2
sin2 θdφ2 +

ρ2

∆
dr2 + ρ2dθ2

= −ρ
2∆

Σ
dt2 +

Σ

ρ2
sin2 θ(dφ− ωdt)2 + ρ2

∆
dr2 + ρ2dθ2 ,

(32.23)

where ∆, ρ,Σ,ω are the (unfortunately somewhat complicated) functions

∆(r) = r2 − 2mr + a2

ρ(r, θ)2 = r2 + a2 cos2 θ

Σ(r, θ) = (r2 + a2)2 −∆(r)a2 sin2 θ

ω(r, θ) = −gtφ/gφφ = 2mar/Σ(r, θ) .

(32.24)

For later use we note that the coefficients of the metric satisfy the simple (but rather

unobvious) relation

g2tφ − gttgφφ = ∆(r) sin2 θ . (32.25)

This also implies that the volume element
√
g has the surprisingly simple Schwarzschild-

like form
√
g = ρ2 sin θ (32.26)

(but we will not make use of this result below).

As mentioned in section 30.1, this metric describes the gravitational field outside a

rotating star or that of a rotating a black hole, with mass parameter m and angular

momentum parameter a (and with the condition |a| ≤ m, analogous to the condition

|q| ≤ m for the Reissner-Nordstrøm metric excluding naked singularities - we will only

look at the non-extremal case m2 > a2 in the following).

This metric is stationary, with time-translation Killing vector ξ = ∂t, and axially sym-

metric, with the rotational Killing vector η = ∂φ, and the Boyer-Lindquist coordinates

are evidently adapted to these two commuting symmetries. The most general Killing

vector of the Kerr metric is thus of the form

K = aξ + bη (32.27)
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horizon (but we keep an open mind regarding condition (6) because, as mentioned

above, ξ does not satisfy this condition since the ergosphere is not a null hypersurface).

Moving down in the list, we next have the (again more or less equivalent) conditions

(2) and (7)-(9). For the Kerr metric, one has

grr =
∆

ρ2
(32.43)

and therefore

grr(r) = 0 ⇔ ∆(r) = r2 − 2mr + a2 = 0 . (32.44)

This has the 2 roots

r± = m±
√

m2 − a2 , (32.45)

and we focus on r+, as this is the one one encounters first. Note that

r+ = m+
√

m2 − a2 ≤ m+
√

m2 − a2 cos2 θ = rsl(θ) (32.46)

with equality only at the poles θ = 0,π, i.e. on the axis of rotation.

Thus the surface r = r+ is null, at this point one (radial) leg of the lightcone is aligned

with this surface, and therefore this surface can (locally) only be crossed in one direction,

in the case at hand from r > r+ to r < r+. Thus r+ is our candidate for a black hole

horizon.

It turns out that this also agrees with the event horizon. Instead of attempting to confirm

this head-on, we first make the following observations regarding additional properties

of the null surface r = r+:

1. First of all we observe that at ∆(r) = 0 one has Ω+ = Ω− = ω. Thus r = r+ is

also the stationary limit surface beyond which stationary observers do not exist.

Thus stationary observers approach the angular velocity

Ωh ≡ ω(r+) =
a

r2+ + a2
(32.47)

at r = r+. This is interpreted as (and called) the angular velocity of the black

hole.

2. The calculation leading to (32.36) shows that at r = r+ the Killing vector

ξh ≡ ξΩh
= ξ + Ωhη (32.48)

becomes null, (
gαβξ

α
h ξ

β
h

)
|r=r+ = 0 . (32.49)

As noted at the beginning of this section, ξh is not asymptotically timelike. Nev-

ertheless, a preferred normalisation for ξ (such as ξαξα → −1 asymptotically) also

leads to a preferred normalisation for ξh.
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leads to a preferred normalisation for ξh.
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6. Moreover, we have that this locus is itself actually a null surface,

K ≡ {x : (gαβξ
αξβ)(x) = 0} = {r = rs} is a null hypersurface , (32.10)

Because the length of a Killing vector does not change in the direction of a Killing

vector (see (9.61) or (9.62)), ξ is tangent to K (and therefore also normal to K,

cf. the discussion of null hypersurfaces in section 17.1).

We now turn to the 2nd characterisation grr(rs) = 0:

7. We can reformulate this somewhat more invariantly as the statement that the nor-

mal vector to the hypersurfaces of constant r, Nα ∼ ∂αr, which is asymptotically

spacelike, becomes null at r = rs,

r = rs ⇒ gαβ∂αr∂βr = 0 (32.11)

and actually becomes timelike for r < rs,

r < rs ⇒ gαβ∂αr∂βr < 0 (32.12)

8. In particular, the hypersurface r = rs is null, and for r < rs one can only move

through the spacelike hypersurfaces of constant r in the direction of decreasing r,

r < rs ⇒ ṙ < 0 along future-directed timelike paths . (32.13)

As we have seen, a crucial role in our analysis of the Schwarzschild black hole was played

by analysing and understanding the behaviour of radial lightrays and lightcones, i.e. the

causal structure of the space-time. Let us reconsider r = rs from this point of view:

9. In Eddington-Finkelstein coordinates, by construction lines of constant v (and

constant (θ,φ)) describe ingoing radial lightrays. These are the trivial solutions

of

− f(r)dv2 + 2dvdr = 0 . (32.14)

The other solution is described by

2(dr/dv) = f(r) (“outgoing” lightrays) , (32.15)

and therefore for r < rs these would-be outgoing lightrays actually also move to

smaller values of r,

r < rs ⇒ dr/dv < 0 (“outgoing” lightrays are not outgoing) . (32.16)

Thus r = rs is where the lightcones “tilt over”, and can only be crossed in the

direction from r > rs to r < rs.
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horizon (but we keep an open mind regarding condition (6) because, as mentioned

above, ξ does not satisfy this condition since the ergosphere is not a null hypersurface).
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and therefore
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√

m2 − a2 , (32.45)
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√
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√

m2 − a2 cos2 θ = rsl(θ) (32.46)

with equality only at the poles θ = 0,π, i.e. on the axis of rotation.

Thus the surface r = r+ is null, at this point one (radial) leg of the lightcone is aligned

with this surface, and therefore this surface can (locally) only be crossed in one direction,

in the case at hand from r > r+ to r < r+. Thus r+ is our candidate for a black hole

horizon.

It turns out that this also agrees with the event horizon. Instead of attempting to confirm

this head-on, we first make the following observations regarding additional properties

of the null surface r = r+:

1. First of all we observe that at ∆(r) = 0 one has Ω+ = Ω− = ω. Thus r = r+ is

also the stationary limit surface beyond which stationary observers do not exist.

Thus stationary observers approach the angular velocity

Ωh ≡ ω(r+) =
a

r2+ + a2
(32.47)

at r = r+. This is interpreted as (and called) the angular velocity of the black

hole.

2. The calculation leading to (32.36) shows that at r = r+ the Killing vector

ξh ≡ ξΩh
= ξ + Ωhη (32.48)

becomes null, (
gαβξ

α
h ξ

β
h

)
|r=r+ = 0 . (32.49)

As noted at the beginning of this section, ξh is not asymptotically timelike. Nev-

ertheless, a preferred normalisation for ξ (such as ξαξα → −1 asymptotically) also

leads to a preferred normalisation for ξh.
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Important surfaces in the Kerr metric

 

[from d'Inverno's book]

Ergoregion
Ring singularity
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Kerr summary
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Killing horizon vs event horizon
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Conformal diagram for Kerr spacetime
Conformal diagrams - Kerr, with ✓ = 0
B. Carter, Phys. Rev. 141, 1242 (1966)
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Conformal diagrams - Kerr, with ✓ = ⇡/2
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32.3 Kerr Metric: Ergosphere vs Killing Horizon and Event Horizon

This example is the Kerr metric, already briefly mentioned in section 30.1. In contrast

to the Schwarzschild metric, it is neither static nor spherically symmetric, but it is still

stationary and axially symmetric.

The Kerr metric is perhaps the single most important exact solution of the Einstein

equations for astrophysical purposes, and there are a lot of things that should be said

about the Kerr metric (and this is done in most respectable textbooks of general rela-

tivity), but here I will focus on those that are relevant for the (horizon) issue at hand.

In Boyer-Lindquist coordinates (t, r, θ,φ), the Kerr metric is (30.3),(30.5)

ds2 = −
(
1− 2mr

ρ2

)
dt2 − 4mra sin2 θ

ρ2
dt dφ+

Σ

ρ2
sin2 θdφ2 +

ρ2

∆
dr2 + ρ2dθ2

= −ρ
2∆

Σ
dt2 +

Σ

ρ2
sin2 θ(dφ− ωdt)2 + ρ2

∆
dr2 + ρ2dθ2 ,

(32.23)

where ∆, ρ,Σ,ω are the (unfortunately somewhat complicated) functions

∆(r) = r2 − 2mr + a2

ρ(r, θ)2 = r2 + a2 cos2 θ

Σ(r, θ) = (r2 + a2)2 −∆(r)a2 sin2 θ

ω(r, θ) = −gtφ/gφφ = 2mar/Σ(r, θ) .

(32.24)

For later use we note that the coefficients of the metric satisfy the simple (but rather

unobvious) relation

g2tφ − gttgφφ = ∆(r) sin2 θ . (32.25)

This also implies that the volume element
√
g has the surprisingly simple Schwarzschild-

like form
√
g = ρ2 sin θ (32.26)

(but we will not make use of this result below).

As mentioned in section 30.1, this metric describes the gravitational field outside a

rotating star or that of a rotating a black hole, with mass parameter m and angular

momentum parameter a (and with the condition |a| ≤ m, analogous to the condition

|q| ≤ m for the Reissner-Nordstrøm metric excluding naked singularities - we will only

look at the non-extremal case m2 > a2 in the following).

This metric is stationary, with time-translation Killing vector ξ = ∂t, and axially sym-

metric, with the rotational Killing vector η = ∂φ, and the Boyer-Lindquist coordinates

are evidently adapted to these two commuting symmetries. The most general Killing

vector of the Kerr metric is thus of the form

K = aξ + bη (32.27)
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Black holes are bald
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No hair theorems/arguments dictate that adding degrees of freedom 
lead to trivial (General Relativity) or singular solutions.
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E.g. in the standard scalar-tensor theories BH solutions are GR black 
holes with constant scalar.

• Gravitational collapse...

• Black holes eat or expel surrounding matter

• Their stationary phase is characterised by a limited number of charges

• No details about collapse 

• Black holes are bald

Collapse
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Example of hairy black hole
BBMB solution

Conformally coupled scalar field:

S[gµ⌫ ,�] =

Z p
�g

✓
R

16⇡G
� 1

2
@↵�@

↵�� 1

12
R�2

◆
d4x
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Static spherically symmetric (nontrivial) solution:

ds2 = �
⇣
1� m

r

⌘2
dt2 +

dr2
�
1� m

r

�2 + r2
�
d✓2 + sin2 ✓d'2

�
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Secondary scalar hair:
� =

r
3

4⇡G

m
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NB. The geometry is of that of extremal RN. 
        The scalar field is unbounded at r=m

Bocharova et al’70, Bekenstein’74



Gauss-Bonnet term

EoM for the scalar:

S =

Z
d4x
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�

<latexit sha1_base64="Yk91XH7Vs/soWNhHA0j/EwkWhq0="></latexit>

⇤� = ��Ĝ
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µνσα − 4RµνR

µν +R2Gauss-Bonnet invariant:

Source for the scalar: it cannot be trivial in BH background
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Solutions in "Galileon theory"

Black holes and stars in Horndeski theory 8

3. Horndeski black holes in shift symmetric theories

We will now turn to black hole spacetimes of theories with shift symmetry. Here we

should note that although we are mainly interested in spherical horizon geometries for

the 4-dimensional solutions, we shall consider for generality, a constant curvature 2 space

with line element

dK2 =
d�2

1� �2
+ �2d�2, (9)

where for  = 1 we have spherical symmetry, for  = 0 planar symmetry and for  = �1

hyperbolic symmetry. The additional cases with  = �1, 0 are included here for they

appear naturally as black hole horizons for negative (e↵ective or bulk) cosmological

constant and for Lifshitz type geometries. Although such geometries do not have an

immediate interest in cosmology, we include these cases here for completeness as the

parameter  appears simply as some normalized parameter in the equations of motion.

Additionally we take a locally static spacetime and thus we have

ds2 = �h(r)dt2 +
dr2

f(r)
+ r2dK2. (10)

The crucial point to note here is that since the scalar field appears only through its

derivatives in the Lagrangian, one a priori needs not impose staticity for the scalar.

In fact shift symmetric galileons naturally inherit some time dependence [32, 33] in

cosmological settings, which is translated to a space and time dependence in a spherically

symmetric setting (10). This is also true for self-tuning solutions [20] as we will see later

on in this section (see equation (13)). However, this dependence on time cannot be

arbitrary. Indeed, in order to have a well defined system of field equations, the 2 tensor

that is associated to the variation of the galileon terms with respect to the metric must

be static and spherically symmetric. In other words, the associated energy momentum

tensor of the galileon must obey the symmetries of spacetime, but not the galileon

itself!k
Treating the general case is possible but technically very tedious, so we will choose

to concentrate on specific sub-theories for which one can get analytic results. So let us

concentrate on a subset shift symmetric galileon theory notably,

L⇤CGJ = R� ⌘(@�)2 + �Gµ⌫@µ�@⌫�� 2⇤. (11)

This Lagrangian can be obtained by choosing G4 = 1 + �X and G2 = �2⇤ + 2⌘X.

Although the coupling ⌘ is canonically normalized to 1

2
, we keep it as ⌘ momentarily for

bookkeeping purposes. The field equations are

Eµ⌫ = Gµ⌫ � ⌘


@µ�@⌫�� 1

2
gµ⌫(@�)

2

�
+ gµ⌫⇤

+
�

2

⇥
(@�)2Gµ⌫ + 2Pµ↵⌫�r↵�r�� +gµ↵�

↵⇢�
⌫�� r

�r⇢�r�r��
⇤
= 0,

k The same guiding principle is used in GR with a complex scalar field in order to construct a hairy
”Kerr” type solution by Herdeiro and Radu [34].

EB, Charmousis’13

ds2 = �h(r)dt2 +
dr2

f(r)
+ r2d⌦2
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The variation of the action with respect to � yields

rµJ
µ = 0, Jµ = (⌘gµ⌫ � �Gµ⌫) @⌫�.

Here, the key term in the action is the John term from Fab 4 which has nice integrability

properties, as we will see. Although our discussion will be associated to the specific

action (11), the essential results go through quite generically. Sometimes integrability

has to be sacrificed on the way in the sense that one has to use numerical methods to

obtain solutions.

The e↵ective energy momentum tensor associated to the galileon is precisely

Tµ⌫ = �Eµ⌫ + Gµ⌫ + gµ⌫⇤. As we noted above, this tensor must obey the symmetries

of (10) but not the scalar itself. Note for example that the Einstein plus cosmological

constant term do not contribute to the Ttr = 0 equation but other terms in Etr do. This
equation generically describes the inflow of matter in a black hole geometry and will

inevitably constrain drastically the galileon field if it is not static. The first key result

is the following:

Consider the shift symmetric theory (11) with spacetime symmetry given by (10).

Starting with � = �(t, r) the only compatible ansatz with the field equations is

� = qt+  (r). (12)

Indeed, taking � = �(t, r), the flow equation Etr = 0 yields the general solution for � as

a separable function of t and r [35]. This function, when inserted in the remaining field

equations, gives (12) as the only possible ansatz (see the general discussion in [36]).

The only solution to escape the rule of linear time dependence imposed in (12) is

to consider self-tuning solutions for flat spacetime. For theory (11), this holds in the

case of ⌘ = 0 and ⇤ 6= 0 . This is a simple example of a time dependent scalar field

immersed in a static spacetime. Indeed, the solution reads

� = �0 + �1(r
2 � t2) (13)

with �0,�1 integration constants while f = h = 1 with  = 1 for (10). The self-tuning

condition reads VJohn�2

1
= ⇤ for arbitrary bulk ⇤, and constant VJohn [20, 36]¶.

We expect the linear time ansatz (12) to be true for generic shift symmetric

theories (the discussion in [36] includes the Paul term; solution (13) is also valid for this

term, see [20]). It is surprising and highly non trivial that there exist time dependent

configurations for a static spacetime. Mathematically, we can understand that if time

dependence is linear in t, we get explicitly ODE’s rather than PDE’s once we input (12)

in the field equations. It is worthwhile however to make a remark on the non-trivial

physical significance of (10) and (12).

¶ Note that the same solution in a cosmological coordinate system is a purely time dependent function,
� = �0 + �1T 2, where T is FRW proper time. This solution illustrates what we mentioned earlier, a
time dependent galileon yields generically a time and space dependent galileon in a static ansatz.

Time-dependent scalar !

Asymptotically dS/AdS:
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solution to the above algebraic equation is given, the metric components are

h(r) = �µ

r
+

1

�r

Z
k(r)

+ r2

2�

dr, f =
(+ r2

2� )
2�h

k(r)
, (17)

whereas the scalar field (12) reads

 0 = ±
p
r

h(+ r2

2� )

✓
q2(+

r2

2�
)h0 � 1 + 2�⇤

4�2
(h2r2)0

◆1/2

.

An explicit proof can be found in [35] where here for the master equation we have

rescaled C0 by � and set ⌘ = 1

2
with respect to [35]. We note that the algebraic

equation is parametrized by q�, �⇤ and C0 and the overall sign of �. We now work out

the di↵erent classes of solutions according to their asymptotic behavior for large r.

3.3.1. Class I: dS and adS asymptotics For dS or adS asymptotics it is easy to see

from (16) that k = ↵r4 = 1�2�⇤
2�C0

r4 as r ! 1. Since we want f = h for r ! 1
we get that C0 = 1�2�⇤

p
�

. Therefore, once we fix C0 to this value, keeping q arbitrary,

we have asymptotically de Sitter or anti de Sitter solutions. The generic solution is

found as a solution to the algebraic solution, but a simple example is the self-tuned

Schwarzschild-(anti-)de Sitter spacetime which is given by

k0(r) =

✓
+

r2

2�

◆2

, (18)

where now the parameter q0 is fixed:

q2
0
� = (1 + 2�⇤). (19)

For de Sitter asymptotics, we take  = 1 and the solution reads

f = h = 1� µ

r
� ⇤e↵

3
r2,  0 = ± q

h

p
1� h, (20)

where the e↵ective cosmological constant ⇤e↵ = � 1

2� and hence � < 0 for ⇤e↵ > 0.

This solution has self-tuning properties since the vacuum value of ⇤ does not interfere

with the spacetime geometry. It is tuned by the integration constant q0 via (19). It is

quite remarkable that this self-tuning solution, first noted for pure de Sitter [50], can be

extended for generic black holes [35]. A characteristic of this particular solution is that

the kinetic scalar X = q2
0
/2 is a constant.

This self-tuning solution of de Sitter is therefore very special since q0 (and not only

C0) is fixed with respect to the parameters of the action (19). But in fact we will now

argue that self tuning remains beyond this particular value, q = q0, where of course X is

not constant. This would mean that a change in the bulk cosmological constant will not

change the self-tuning mechanism, in other words the e↵ective cosmological constant

remains the same. To see this, suppose that q2� = (1+ 2�⇤) + ✏, where ✏ is some small

number compared to 1+2�⇤. We now consider an expansion in ✏ to k = k0+ ✏k1 where

k0 is given in (18). It is then easy from (16) to show that

k(r) = �

✓
1 +

r2

2�

◆2
 
1 +

2✏

1 + 6�⇤� (1� 2�⇤) r
2

2�

!
+O(✏2).
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quite remarkable that this self-tuning solution, first noted for pure de Sitter [50], can be

extended for generic black holes [35]. A characteristic of this particular solution is that

the kinetic scalar X = q2
0
/2 is a constant.

This self-tuning solution of de Sitter is therefore very special since q0 (and not only

C0) is fixed with respect to the parameters of the action (19). But in fact we will now

argue that self tuning remains beyond this particular value, q = q0, where of course X is
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Properties of disformed Kerr in modified gravity

Monday 15 June 15

1`;QbT?2`2 Ubi�iB+ HBKBiV, bi�iB+ iBK2HBF2 Q#b2`p2`b +�M MQ HQM;2` 2tBbi- i?2 EBHHBM; p2+iQ`
lµ = (1, 0, 0, 0) #2+QK2b MmHHX AX2X g̃tt = 0- Q`

g̃tt = 0 ∆ rE = M̃ +


M̃2 ≠ a2 cos2 ◊

Monday 15 June 15

ai�iBQM�`v HBKBiX P#b2`p2`b +QMbi�Mi (r, ◊)- rBi? � 4@p2HQ+Biv u = ˆt+ÊˆÏX h?2b2 Q#b2`p2`b
+2�b2 iQ 2tBbi �i i?2 bm`7�+2 g̃ttg̃ÏÏ ≠ g̃2

tÏ = 0- BX2X

P (r, ◊) © r2 + a2 ≠ 2M̃r + 2M̃Da2r sin2 ◊

fl2(r, ◊) = 0

h?2 bm`7�+2 Bb iBK2HBF2 �M/ i?mb +�MMQi #2 � ?Q`BxQMX

Monday 15 June 15

>Q`BxQM, � MmHH ?vT2`bm`7�+2 Q7 i?2 7Q`K r = R(◊)X h?2 MQ`K�H ?�b +QKTQM2Mib

nµ = (0, 1, ≠RÕ(◊), 0)

h?2 +QM/BiBQM n2 = 0 vB2H/b

RÕ(◊)2 + P (R, ◊) = RÕ(◊)2 + R2 + a2 ≠ 2M̃R + 2M̃Da2R sin2 ◊

fl2(R, ◊) = 0
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