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Vacuum solutions in General Relativity
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Spherically symmetric solutions
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Schwarzschild solution
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Schwarzschild solution

Karl Schwarzschild

The solution was found in 1916



Schwarzschild solution

Birkhoff's theorem (1923): any spherically symmetric solution of 
the vacuum field equations must be (a piece) of the Schwarzschild 
solution.
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Schwarzschild solution
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Killing vectors

Killing vector (field) reflects a symmetry of the metric

8 Lie Derivative, Symmetries and Killing Vectors

8.1 Symmetries of a Metric (Isometries): Preliminary Remarks

Symmetries and their consequences play a fundamental role in physics. In the present

context, these are symmetries of the gravitational field or of the space-time metric.

Before trying to figure out how to detect symmetries of a metric, or so-called isometries,

let us decide what we mean by symmetries of a metric.

For example, we would say that the Minkowski metric has the Poincaré group as a group

of symmetries, because the corresponding coordinate transformations leave the metric

invariant.

Likewise, we would say that the standard metrics on the two- or three-sphere have

rotational symmetries because they are invariant under rotations of the sphere. We can

look at this in one of two ways: either as an active transformation, in which we rotate

the sphere and note that nothing changes, or as a passive transformation, in which we

do not move the sphere, all the points remain fixed, and we just rotate the coordinate

system. So this is tantamount to a relabelling of the points. From the latter (passive)

point of view, the symmetry is again understood as an invariance of the metric under a

particular family of coordinate transformations.

Thus consider a metric gµν(x) in a coordinate system {xµ} and a change of coordinates

xµ → yµ(xν) (for the purposes of this and the following section it will be convenient

not to label the two coordinate systems by different sets of indices). Of course, under

such a coordinate transformation we get a new metric g′µν , with (since here we do

not distinguish coordinate indices associated to different coordinate systems, we now

momentarily put primes on the objects themselves in order to keep track of what we

are talking about)

g′µν(y(x)) =
∂xρ

∂yµ
∂xλ

∂yν
gρλ(x) . (8.1)

However, so far this by itself has nothing to do with possible symmetries of the metric.

Thinking actively, in order to detect symmetries, we should e.g. compare the geometry,

given by the line-element ds2 = gµνdxµdxν , at two different points x and y related by

yµ(x). Thus we are led to consider the difference

gµν(y)dy
µdyν − gµν(x)dx

µdxν . (8.2)

Using the invariance of the line-element under coordinate transformations, i.e. the usual

tensorial transformation behaviour of the components of the metric, we see that we can

also write this as the difference

(gµν(y)− g′µν(y))dy
µdyν . (8.3)
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Thus we deduce that what we mean by a symmetry, i.e. invariance of the metric under

a coordinate transformation, is the statement

g′µν(y) = gµν(y) . (8.4)

From the passive point of view, in which a coordinate transformation represents a rela-

belling of the points of the space, this equation compares the new metric at a point P ′

(with coordinates yµ) with the old metric at the point P which has the same values of

the old coordinates as the point P ′ has in the new coordinate system, yµ(P ′) = xµ(P ).

The above equality then states that the new metric at the point P ′ has the same

functional dependence on the new coordinates as the old metric on the old coordinates

at the point P . Thus a neighbourhood of P ′ in the new coordinates looks identical to

a neighbourhood of P in the old coordinates, and they can be mapped into each other

isometrically, i.e. such that all the metric properties, like distances, are preserved. Thus

either actively or passively one is led to the above condition.

Note that to detect a continuous symmetry in this way, we only need to consider infinites-

imal coordinate transformations. In that case, the above amounts to the statement that

metrically the space time looks the same when one moves infinitesimally in the direction

given by the coordinate transformation.

8.2 Lie Derivative for Scalars

We now want to translate the above discussion into a condition for an infinitesimal

coordinate transformation

xµ → yµ(x) = xµ + εV µ(x) (8.5)

to generate a symmetry of the metric. Here you can and should think of V µ as a

vector field because, even though coordinates themselves of course do not transform like

vectors, their infinitesimal variations δxµ do,

zµ
′

= zµ
′

(x)→ δzµ
′

=
∂zµ

′

∂xµ
δxµ (8.6)

and we think of δxµ as εV µ.

In fact, we will do something slightly more general than just trying to detect symmetries

of the metric. After all, we can also speak of functions or vector fields with symmetries,

and this can be extended to arbitrary tensor fields (although that may be harder to

visualise). So, for a general tensor field T we will want to compare T ′(y(x)) with

T (y(x)) - this is of course equivalent to, and only technically slightly more convenient

in the following than, comparing T ′(x) with T (x).
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8.5 Lie Derivative of the Metric and Killing Vectors

The above general formula (8.29) for the Lie derivative of a tensor becomes particularly

simple for the metric tensor gµν . The first term is not there (because the metric is

covariantly constant), so the Lie derivative is the sum of two terms (with plus signs)

involving the covariant derivative of V ,

LV gµν = gλν∇µV
λ + gµλ∇νV λ . (8.35)

Lowering the index of V with the metric, this can be written more succinctly as

LV gµν = ∇µVν +∇νVµ . (8.36)

The not manifestly covariant avatar of this equation (recall that fundamentally the Lie

derivative requires no notion of a covariant differentiation) is

LV gµν = V λ∂λgµν + ∂µV
λgλν + ∂νV

λgµλ . (8.37)

A quick alternative way to arrive at this result is to look directly at the infinitesimal

version of the difference

gµν(y)dy
µdyν − gµν(x)dx

µdxν (8.38)

which was the starting point of our discussion in section 8.1 above. Namely, we consider

the infinitesimal coordinate transformation

δV x
µ = V µ ⇒ δV dx

µ = dV µ = (∂λV
µ)dxλ

δV gµν(x) = V λ∂λgµν(x) ,
(8.39)

and define the Lie derivative of the metric by the change this operation δV induces in

the line element,

δV (gµνdx
µdxν) ≡ (LV gµν)dx

µdxν . (8.40)

This leads directly to (8.37) and thus to (8.36).

We are now ready to return to our discussion of isometries (symmetries of the metric).

Evidently, an infinitesimal coordinate transformation is a symmetry of the metric if

LV gµν = 0. By (8.36) this can be written as (see also (4.66))

V generates an isometry ⇔ LV gµν = 0

⇔ ∇µVν +∇νVµ = 0 .
(8.41)

Vector fields V satisfying this equation are called Killing vectors - not because they

kill the metric but after the 19th century mathematician W. Killing.

The alternative non-covariant way (8.37) of writing the Killing equation makes it man-

ifest that only components and derivatives of the metric in the V -direction enter in this

condition,

∇µVν +∇νVµ = 0 ⇔ V λ∂λgµν + ∂µV
λgλν + ∂νV

λgµλ = 0 . (8.42)
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Schwarzschild solution: singularity?
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Schwarzschild solution: singularity?

MTW book



Schwarzschild solution: Good coordinates
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Schwarzschild solution: Horizon
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How to implement the 1st requirement is already nicely illustrated by the conformal

compactification of the Euclidean plane mentioned in section 10.3 (see the discussion

around (10.65)):

Starting with the Euclidean metric in Cartesian or polar coordinates,

ds2 = dx2 + dy2 = dr2 + r2dφ2 (27.1)

and introducing the new radial coordinate θ through

r = tan θ/2 , (27.2)

the metric is mapped to

dr2 + r2dφ2 =
1

4 cos4 θ/2
(dθ2 + sin2 θdφ2) . (27.3)

Thus the metric is conformal to the standard metric on the 2-sphere, the entire range

0 ≤ r <∞ of r is mapped to the finite range 0 ≤ θ < π, and infinity r =∞ is mapped

to the south pole θ = π of the sphere.

The conformal prefactor diverges as θ → π, as required by the fact that infinity in R2

is indeed at infinite proper distance. However, if one is willing to sacrifice an accurate

representation of distances (and this sacrifice is clearly required if one wants to bring

infinity to a finite distance), then one may just as well remove the conformal factor and

consider the rescaled metric

ds̃2 = 4(cos4 θ/2)ds2 = dθ2 + sin2 θdφ2 . (27.4)

With respect to the new metric with line element ds̃2, the point θ = π is now not only

at finite coordinate distance but also at finite (affine) geodesic distance, and adding it

conformally compactifies R2 to S2.

Analogous coordinate transformations (involving the tan function and related objects)

and conformal rescalings of the metric are commonly used to “compactify” the range

of non-compact coordinates of some space-time metric and to then construct Penrose

diagrams. In this case, however, we also need to pay attention to the 2nd requirement,

related to the causal structure.

27.2 Causal Structure and Conformal Rescalings of the Metric

Regarding the relation between the causal structure and conformal (or Weyl) rescalings

of the metric,

gαβ(x)→ g̃αβ(x) = Ω(x)2gαβ(x) (27.5)

or

ds2 → ds̃2 = Ω(x)2ds2 , (27.6)

we just note the following facts:
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Carter-Penrose diagram for Minkowski spacetime

27.3 Penrose Diagram for (3+1) Minkowski Space

We will now see how to accomplish the desiderata laid out at the beginning of this section

in the simplest example, namely (3+1)-dimensional Minkowski space-time. At first

sight the (1+1)-dimensional case may appear to be an even simpler example. However,

because of the absence of an honest spatial radial direction in that case, it turns out to

be somewhat atypical, and therefore does not constitute the optimal starting point. I

will therefore discuss the (1+1)-dimensional case separately in section 27.4 below.

In order to exhibit the spherical symmetry of (3+1)-dimensional Minkowski space, and

to isolate the spherical part of the metric, we start off with the Minkowski metric written

in spatial spherical coordinates,

ds2 = −dt2 + dr2 + r2dΩ2 , (27.14)

with −∞ < t < +∞ and 0 ≤ r < +∞.

One simple-minded way to map the infinite coordinate ranges to a finite range would

be to introduce, in analogy with the Euclidean case above, a new radial coordinate R

related to r via a tan function, and likewise for t, along the lines of

t = tan T , r = tanR (???) . (27.15)

However, while this accomplishes the 1st desideratum (finite range of coordinates), it

fails to satisfy the 2nd requirement (lightcones at 45◦). Indeed, using dt = dT/ cos2 T

etc., one finds that the (t, r)-part of the metric takes the form

− dt2 + dr2 = −dT 2/ cos4 T + dR2/ cos4R . (27.16)

Thus radial light rays would be described by

dT/dR = ± cos2 T/ cos2 R , (27.17)

and evidently have a slope that depends on (T,R) (whereas we would like dT/dR = ±1).

In order to rectify this, we will first introduce coordinates that are adapated to radial

in- and outgoing lightrays, namely the coordinates

u = t− r , v = t+ r , (27.18)

in terms of which the metric has the “double-null” form

ds2 = −du dv + ((v − u)2/4)dΩ2 , (27.19)

with −∞ < u, v <∞ and (because of r ≥ 0) u ≤ v, i.e.

−∞ < u ≤ v < +∞ . (27.20)
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Radial light rays are described by

du dv = 0 ⇒ u = u0 or v = v0 . (27.21)

Lines of constant u describe outgoing radial lightrays while lines of constant v describe

ingoing radial lightrays.

In terms of these and the original coordinates we can now identify different “infinities’

(asymptotic regions) of Minkowski space-time, namely (in standard notation)

i+ (future timelike infinity): where one asymptotes to when one takes t → +∞ at

fixed r

i− (past timelike infinity): where one asymptotes to when one takes t→ −∞ at fixed

r

i0 (spacelike infinity): where one asymptotes to when one instead takes r → ∞ at

fixed t

I+ (future null infinity): where outgoing radial lightrays asymptote to in the future,

i.e. one takes v →∞ at fixed u

I− (past null infinity): where ingoing radial lightrays asymptote to in the past, i.e.

one takes u→ −∞ at fixed v

Here i±, i0 are pronounced as “eye-plus, eye-minus, eye-zero”, while I± are pronounced

as “screye-plus, screye-minus” (with “screye” derived from “script I”). As mentioned

before, defining these objects properly, however, even in the case at hand and a fortiori

in somewhat more generality, i.e. for appropriately defined asymptotically flat space-

times, requires significantly more care (cf. the references given at the beginning of this

section in footnote 86).

In order to be able to indicate these different asymptotic regions in a diagram, we now

introduce new coordinates U and V . The double-null structure of the metric (and its

associated simple description of in- and outgoing lightrays) is preserved by arbitrary

transformations

u = u(U) , v = v(V ) (27.22)

of the lightcone coordinates. One possible choice which maps the symptotic regions to

finite values of the new coordinates is the (by now unsurprising) tan transformation

u = tanU , v = tanV . (27.23)

The range of the coordinates (U, V ) is

− π/2 < U ≤ V < +π/2 , (27.24)
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so this definitely describes a finite region in the (U, V )-plane, namely a triangle. Infinity

corresponds to the locus |U |→ π/2 and/or |V |→ π/2.

Another (and equally good) choice could have been

Ũ = tanhu , Ṽ = tanh v , (27.25)

say, with

− 1 < Ũ ≤ Ṽ < +1 (27.26)

but let us continue to work with the coordinates (U, V ) defined in (27.3). In terms of

these the metric (after some elementary trigono-gymnastics) takes the form

ds2 =
1

4 cos2 U cos2 V

(
−4dU dV + sin2(V − U)dΩ2

)
. (27.27)

Note in particular that the prefactor diverges as one approaches infinity, in agreement

with the evident fact that with respect to this metric infinity is at infinite proper distance

even though it is at finite coordinate distance.

However, if our interest is in the global and causal structure of the metric, while disre-

garding the proper distance structure also encoded in the metric, we can just remove

this prefactor. This will not change the fact that in/out radial light rays are described

by lines of constant V or U , but allows us to extend the metric to include the boundary

points at which the prefactor diverges. Thus we consider the metric

ds̃2 = (4 cos2 U cos2 V )ds2 = −4dU dV + sin2(V − U)dΩ2 . (27.28)

This can be put into a more familiar form by replacing the lightcone coordinates U and

V by new time and radial coordinates T and R via the analogue of u = t− r, v = t+ r

(27.18), namely

T = U + V , R = V − U ≥ 0 . (27.29)

Then the metric is

ds̃2 = −dT 2 + dR2 + sin2R dΩ2 . (27.30)

and the combined transformation from the original coordinates (t, r) to these coordinates

(T,R) is

t± r = tan 1
2(T ±R) . (27.31)

Before proceeding to draw the appropriate (1+1)-dimensional diagram for this (by sup-

pressing the spherical / angular directions), let me make some comments on this (3+1)-

dimensional metric.

Remarks:
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and the combined transformation from the original coordinates (t, r) to these coordinates

(T,R) is

t± r = tan 1
2(T ±R) . (27.31)

Before proceeding to draw the appropriate (1+1)-dimensional diagram for this (by sup-

pressing the spherical / angular directions), let me make some comments on this (3+1)-

dimensional metric.

Remarks:

603

L2r +QQ`/BM�i2b U�;�BMV

<latexit sha1_base64="CNAWmcoiQ6Y2rTjDsfPj8HBSszc="></latexit>

so this definitely describes a finite region in the (U, V )-plane, namely a triangle. Infinity

corresponds to the locus |U |→ π/2 and/or |V |→ π/2.

Another (and equally good) choice could have been

Ũ = tanhu , Ṽ = tanh v , (27.25)

say, with

− 1 < Ũ ≤ Ṽ < +1 (27.26)

but let us continue to work with the coordinates (U, V ) defined in (27.3). In terms of

these the metric (after some elementary trigono-gymnastics) takes the form

ds2 =
1

4 cos2 U cos2 V

(
−4dU dV + sin2(V − U)dΩ2

)
. (27.27)

Note in particular that the prefactor diverges as one approaches infinity, in agreement

with the evident fact that with respect to this metric infinity is at infinite proper distance

even though it is at finite coordinate distance.

However, if our interest is in the global and causal structure of the metric, while disre-

garding the proper distance structure also encoded in the metric, we can just remove

this prefactor. This will not change the fact that in/out radial light rays are described

by lines of constant V or U , but allows us to extend the metric to include the boundary
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T = U + V , R = V − U ≥ 0 . (27.29)

Then the metric is

ds̃2 = −dT 2 + dR2 + sin2R dΩ2 . (27.30)

and the combined transformation from the original coordinates (t, r) to these coordinates

(T,R) is

t± r = tan 1
2(T ±R) . (27.31)

Before proceeding to draw the appropriate (1+1)-dimensional diagram for this (by sup-
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dimensional metric.
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1. If T had the range−∞ < T < +∞ andR were a standard polar angular coordinate

ψ, then this would be the standard metric on R × S3, a space-time given by the

direct product of the time direction and a spatial 3-sphere of constant unit radius,

ds̃2 = −dT 2 + dΩ2
3 , (27.32)

with (1.117)

dΩ2
3 = dψ2 + sin2 ψ dΩ2

2 . (27.33)

2. This (in the present context unphysical) metric, regarded as a solution of the

Einstein equations, happens to have a name, namely the Einstein Static Universe

(ESU), and happens to be of some historical interest (because finding such a static

“cosmological” solution motivated Einstein to introduce the infamous cosmological

constant into his equations in the first place). For this reason, we will briefly

discuss this solution in the context of cosmology in section 36.2. However, for

present purposes this is just an unnecessary distraction.

3. In the current case of interest this is in any case not the range of the coordinates.

Rather, the triangular bound (27.24) on the coordinates U, V translates into the

conditions

|T |+R < π , 0 ≤ R < π (27.34)

on the range of the coordinates T,R. Thus, if one likes one can think of Minkowski

space as being conformally equivalent to the subspace of R× S3 defined by these

conditions. Combined with the previous comment one can thus think of Minkowski

space as conformally equivalent to a subspace of the ESU, and pictorial represen-

tations of this (with the ESU represented by the cylinder R×S1) can be found in

many places (including all but one of the references in footnote 85). I have never

found this particularly illuminating, however.

For this reason we will now just focus on the (1+1)-dimensional metric

ds̃2 = −4dU dV = −dT 2 + dR2 (27.35)

with the coordinate ranges given in (27.24) and (27.34) respectively. In a (U, V )-diagram

(with the U -axis vertical, say, and the V -axis horizontal), this is evidently just the lower

right triangular half of a square of length π centered at the origin. In terms of (T,R),

the apex of this triangle at U = π/2, V = −π/2 is mapped to R = V − u = π and

T = V + U = 0. Thus this corresponds to a counter-clockwise rotation of the triangle

by π/4, and we therefore obtain Figure 22.

As indicated there, Minkowski space is conformally equivalent to the interior of the

triangle (including the vertical line R = 0 ↔ r = 0). All points in the interior (except

at r = 0) represent 2-spheres. The other boundaries are in precise correspondence with

the “infinities” discussed before.
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R
=

0

(T = 0, R = π)

(T = +π, R = 0)

(T = −π, R = 0)

Figure 22: Towards the Penrose Diagram for Minkowski space: Minkowski space cor-

responds to the interior of the triangle, including the line R = 0 but excluding the

diagonal boundary lines and their endpoints.

For example, the boundary point U = −π/2, V = π/2 or T = 0, R = π corresponds to

(T → 0, R→ π) ⇔ (u→ −∞, v → +∞) ⇔ (t finite, r →∞) (27.36)

and thus to spacelike infinity i0,

i0 : (T = 0, R = π) . (27.37)

Likewise, the point U = V = π/2 or R = 0, T = π corresponds to

(T → π, R→ 0) ⇔ (u→ +∞, v → +∞) ⇔ (t→ +∞, r finite) (27.38)

and thus to future timelike infinity i+,

i+ : (T = π, R = 0) , (27.39)

and likewise for past timelike infinity i−,

i− : (T = −π, R = 0) , (27.40)

Future null infinity I+ is characterised by

(u finite, v →∞) ⇔ (|U | < π/2, V = π/2) ⇔ T +R = 2V = π (27.41)

which is the upper diagonal line in Figure 22, and likewise for past null infinity,

I± : {(T,R) : R± T = π, 0 < R < π} . (27.42)

By simply adding these regions and this information to the diagram in Figure 22, we

obtain our final version of the Penrose diagram of Minkowski space, Figure 23.

To get acquainted with this diagram (and with Penrose diagrams in general), let us note

the following facts:
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Figure 23: Penrose Diagram for Minkowski space

1. radial null geodesics / lightcones are at ±45◦

2. all points in the diagram except those at r = 0, and i±, i0 represent 2-spheres

3. i±, i0, on the other hand, are really points because the “radius” sinR of the 2-

sphere vanishes at the poles R = 0,π;

4. I± are null hypersurfaces with topology S2 × R;

5. all (infinitely extended) timelike geodesics begin at i− and end at i+;

6. all (infinitely extended) spacelike geodesics begin at i0, pass through (“are re-

flected” at) r = 0 and end again at i0;

7. all (infinitely extended) null geodesics begin on I−, are reflected at r = 0 and end

at I+.

While we cannot expect to learn too much about Minkowski space from this diagram

that we did not already know, understanding the asymptotic structure of Minkowski

space-time will be useful in the following, because any reasonable definition of an asymp-

totically flat space-time representing the gravitational field of an isolated object should

be such that asymptotically it looks like Minkowski space, i.e. its Penrose diagram

should asymptotically resemble that of Figure 23.

Moreover, this pictorial representation is also interesting in its own right since it makes

causal information easily accessible and, in particular, makes two features of Minkowski

space manifest that are not shared by all space-times:

1. Any timelike geodesic observer will eventually be able to see all of Minkowski space

(since eventually, at i+, the past lightcone of the observer covers all of Minkowski

space).

606



Carter-Penrose diagram for Minkowski spacetime
r
=

0

I+

I−

i0

i+

i−

Figure 23: Penrose Diagram for Minkowski space
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6. all (infinitely extended) spacelike geodesics begin at i0, pass through (“are re-

flected” at) r = 0 and end again at i0;

7. all (infinitely extended) null geodesics begin on I−, are reflected at r = 0 and end

at I+.

While we cannot expect to learn too much about Minkowski space from this diagram

that we did not already know, understanding the asymptotic structure of Minkowski

space-time will be useful in the following, because any reasonable definition of an asymp-

totically flat space-time representing the gravitational field of an isolated object should

be such that asymptotically it looks like Minkowski space, i.e. its Penrose diagram

should asymptotically resemble that of Figure 23.

Moreover, this pictorial representation is also interesting in its own right since it makes

causal information easily accessible and, in particular, makes two features of Minkowski

space manifest that are not shared by all space-times:

1. Any timelike geodesic observer will eventually be able to see all of Minkowski space

(since eventually, at i+, the past lightcone of the observer covers all of Minkowski

space).
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Radial light rays are described by

du dv = 0 ⇒ u = u0 or v = v0 . (27.21)

Lines of constant u describe outgoing radial lightrays while lines of constant v describe

ingoing radial lightrays.

In terms of these and the original coordinates we can now identify different “infinities’

(asymptotic regions) of Minkowski space-time, namely (in standard notation)

i+ (future timelike infinity): where one asymptotes to when one takes t → +∞ at

fixed r

i− (past timelike infinity): where one asymptotes to when one takes t→ −∞ at fixed

r

i0 (spacelike infinity): where one asymptotes to when one instead takes r → ∞ at

fixed t

I+ (future null infinity): where outgoing radial lightrays asymptote to in the future,

i.e. one takes v →∞ at fixed u

I− (past null infinity): where ingoing radial lightrays asymptote to in the past, i.e.

one takes u→ −∞ at fixed v

Here i±, i0 are pronounced as “eye-plus, eye-minus, eye-zero”, while I± are pronounced

as “screye-plus, screye-minus” (with “screye” derived from “script I”). As mentioned

before, defining these objects properly, however, even in the case at hand and a fortiori

in somewhat more generality, i.e. for appropriately defined asymptotically flat space-

times, requires significantly more care (cf. the references given at the beginning of this

section in footnote 86).

In order to be able to indicate these different asymptotic regions in a diagram, we now

introduce new coordinates U and V . The double-null structure of the metric (and its

associated simple description of in- and outgoing lightrays) is preserved by arbitrary

transformations

u = u(U) , v = v(V ) (27.22)

of the lightcone coordinates. One possible choice which maps the symptotic regions to

finite values of the new coordinates is the (by now unsurprising) tan transformation

u = tanU , v = tanV . (27.23)

The range of the coordinates (U, V ) is

− π/2 < U ≤ V < +π/2 , (27.24)
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Carter-Penrose diagram for (maximally extended) 
Schwarzschild

i0

I+

r
=
2mH+

r
=
2mH−

I−

r = 0

r = 0

i+

i−

Figure 27: Penrose Diagram of the maximal Kruskal-Szekeres extension of the Schwarz-

schild space-time.

3. I+ corresponds to V̂ = π/2, and I− to Û = −π/2.

4. The future / past horizons H± are at Û = 0 and V̂ = 0 respectively.

5. The future horizon H+ is (now manifestly) the boundary of the region from which

signals can escape to future null infinity I+.

6. Another way of phrasing this is in terms of the causal past of future null infinity

I+, the union of all the space-time points that lie in the past lightcone of some

point on I+: from this perspective, the horizon H+ is the boundary of (the closure

of) the past of future null infinity. We will come back to in section 31.

7. The singularities at r = 0 are (here, and typically in general) indicated by wavy or

zig-zag lines. In Kruskal coordinates, they correspond to the hyperbolae UV = 1,

and thus to

tan Û tan V̂ = 1 ⇔ cos(Û + V̂ ) = 0 . (27.56)

Thus in terms of the time and radial coordinates T̂ and R̂ (27.55) this is simply

the locus

cos(T̂ ) = 0 ⇔ T̂ = ±π/2 . (27.57)

This accounts for the fact that in the Penrose diagram the singularities are now

represented by straight horizontal lines.

It is instructive to compare the Penrose diagram for the Schwarzschild metric with that

for the negative mass m = −|m| Schwarzschild metric, which we write as

ds2 = −
(
1 +

2|m|
r

)
dt2 +

(
1 +

2|m|
r

)−1

dr2 + r2dΩ2 . (27.58)
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Carter-Penrose diagram for a collapsing star

r=0
r=2m , t=infinity

Interior 

Star
of the

Surface
of the
Star

T

X

r=const.

Figure 32: Kruskal diagram of a gravitational collapse. The surface of the star is

represented by a timelike geodesic, modelling a star (or galaxy) in free fall under its own

gravitational force. The surface will reach the singularity at r = 0 in finite proper time

whereas an outside observer will never even see the star collapse beyond its Schwarzschild

radius. However, as discussed in the text, even for an outside observer the resulting

object is practically ‘black’.

Figure 33: Penrose Diagram for the collapse of a star to a black hole (schematic). The

shaded region indicates the interior of the star.

(2+1)-dimensional worldvolume Σext of the surface of the star is then given by

ds2Σext
=
(
−f(r)dt2 + f(r)−1dr2 + r2dΩ2

)
r=R0(t)

= −[(f(R0(t))− f(R0(t))
−1(dR0/dt)

2]dt2 +R0(t)
2dΩ2

(28.23)

(the subscript “ext” on Σext is used to indicate that this is the metric induced on the

surface of the star by the exterior metric, i.e. the metric outside the star). Expressed
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