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History, 1819 century

A 1783, John N
Mitchell, Phil. Trans.
Roy. Soc. Londolbgark
stars”

A 1796, RS. Laplace,
OELRAAUAZY &
du Monde(1stand 2d
eds)
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AIn Newtonian physics , a body with sdannot
communicate with outer world by light, but
can have a magnetic field, for example.

ACKSNE INB y2 aSOSyYyld ¢
physics, one can construct a static star with
R<R
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History, after Einstein

1915, A.Einstein, GR

1916, K. Schwarzschild, metrics of
spherically symmetric spacetime
outside a massive body

1924, A.Eddington, coordinate
singularity

1939, Oppenheimer, Snyder, grav. ~F
oz2fttlLASEZ WTINRI SY adl
1958, Finkelstein coordinate

transformation
1963, Kerr solution ﬂ
Mdpcna> tSYNRASE I g1Ayac N O INJUA

black hole theorems

Mdpcy > Wod! 2 KSSt SNIE
1970s, massive discovery of black holg
candidates in Xay binaries

2015 massive detections of binary
stellar-mass BH by LIGO/Virgo GW

detectors
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Mapping spacetime

A Special relativity (no
gravity): Minkowski
metric (Lorentz frames)

AwSlE f LI NI A Of
line lies inside light

cone (timelike
geodesics), d=d_2<0

SIS | Yl Y. A Light cone is formed by
ds’ =h, dx dX, null geodesics, d=0

h . =diag( 1,1,1,1)
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General Relativity

A A. Einstein, 1912 91¢

A Gravitation=
curvature of
spacetime

R afyd — o : Jaé, gy + 96v,06 — Yavy.56 — Y56,00v }I in a local Lorentz frame
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Geometrized units

G=c 4
r=GM /c* =M
t=GM/c =M

Quantity Conventional Units Geometrized Units
speed of light, ¢ 2.098 x 10°m sec™! one

Newton’s gravitation constant, G 6.674 x 10" "m3kg ' sec=2 one

G/c? 7.426 x 107¥ mkg™’ one

/G 3.628 x 102W one

Planck’s reduced constant h 1.055 x 10~* kg m*s~! (1.616 x 107 m)?
sun’s mass, M 1.989 x 10°° kg 1.4766 km

sun’s radius, R 6.960 x 10° m 6.960 x 10° m
earth’s mass, M, 5.976 x 10** kg 4.435 mm

earth’s radius, R 6.371 x 10° m 6.371 x 10° m
Hubble constant H, 70.5 km sec™"Mpc™! (12.9 x 107 1t yr)~*
density to close universe, peit 1.08 x 10~26 kg m™* 8.0 x 10~ m~2



Schwarzschild metric

A 13 January 1916, letter to A.Einstein from
WWI Russian front

A Empty space T=0, M is integration constant

A t=const, r=consC 2-sphere
Ar is not a distance
to the center!!!!
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A r’'M A K NN ([s* = —dt* + dr? + r?(d6* + sin® 0do?)
A Asymptotically flat spacetime!
A To first order inM/r :

.]"‘l

] 9 1V o .2 e
ds* = — (1 — “;‘I) dt* + (1 + M

) dr? + r*(d6* + sin’ 0d¢?)

A LI nearlzed graVIt ds® = —(1 + ‘-BIII:}(I'.t'“} + (0% + h.._].;;t._:}-:f;r-fd;rk + 2h,;dt dx?

A~ =M/r is Newtonian potentiaC M is the
mass of the central body

A @ r>2Mt plays the role of a time coordinate
C outside grav. radius the metric is static
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AN] K2FF wWwa 0K

A Schwarzschild geometry is unique spherically
symmetric solution of Einstein vacuum field
equation G=0

A Important implication:static star in vacuum
(T=0), at r=R circumferencéRC since any
motion of real particles on the surface is
timelike (d 2=-ds?=-g,,dt2>0)C a static star
with total massenergy M can never have
circumference smaller tha@ R=4 M
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Embedding diagrams

A Embedding of a curved manifold in a flat
all OS 2F KAIKSNI RAYS)
Doable and instructive for n=2 N=3.

A Example: static star, r=const™ /2

]
) ‘ ff]"“ y L6 3 3 ) ) L)
(2) 52 — —— + 7°d¢” Hds® = dr* + dz* + rdo*
1 —2m/r

(2) 742 — [1 + (dz/ d‘?‘}g] dr? + r2d 02
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{ / ,-"’.. ey . .
I/ —s—— exterior of star

mnterior of star

A Circumference increases more slowly than the
proper radial distance growtUENEETYAmL/
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STARS WITH THE SAME MASS, BUT DIFFERENT SIZES: HOW CURVED?

Circumference

-~

-

A/l ~1-r/r C 1.5 mm for Earth, 10% for NS
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Symmetries

Killing vectors: 3Ou =onst
3=(1,0,0,0) t 4ndependence
h=(0,0,0,1) / -ndependence

Example 1: grav. redshift
3Ou sonst U 3Oponst

emitting
observer

E=nw =p° € Op 8,
1- Y

u,.=0, u, o

gtt( Up)® = 4, W E o x°
W =[ 9l V(- %.

hw, =[ 9,1 Y% 2 ﬁoy

z2M
'R

obs

receiving
observer

W_,/gm
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Example 2: Orbits

Energy per unit rest mass

Ang. mom. per unit rest mass

Integral of energy

Effective potential
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Innermost stable circular orbits

|2e

r :—él+ 1 12

min

max  2M 8

@ISCO:h=1-2A/2/3 V.06
(cf : thermonuclear burning

© 0.0067

nucl
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Collapse to BH

ALY { OKgIlI NI a0KAfR 0221
line R(t) lies inside the light cone
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ALight cone: |[YE eI

1—2M/R

Al 2y SQa &l LEEm, J Y

dr ~1—2M/R

A Peculiarity as4 2M: Squeezing down of light
O2y Sa LINBYSY(Ga adzNFI ¢
reaching2M as (coordinate time )4 K

A The proper time of falling observer is finite

. . . R, is initial radius of collapsing body
A Tidal forces finite at 2M
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EddingtonFinkelstein coordinates
AA.Eddington (1922), D.Finkelstein (1958):
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for outgoing rays
1—2M/-r) SO T
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In E-F coordinates In Schwarzschild coordinates
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Formation of a BH

singularity

—___stellar
surface

nonsingular |
stellar
matter, =0

A Event horizon hides central singularity of a BH

A Cosmic censorship conjecture (R. Penrose):
no naked singularities
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WO = 4 18 10250 [pWiaXg
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KruskaiSzekers coordinates

r=const:. U* -\* =zonst
r=2M: V =U

r=0: V o= 1+

1-O: O = O:On
V.I.
N—->
<

t =const |

0

0. .
rkéM
0

Q

Kdg® +sin® ¢ )
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The maximal Schwarzschild spacetime in Kruskal coordinates.
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Falling to BH In S coordinates

\ timelike
/ world line

<
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Hawking evaporation

30p +30p, = (B0:0,0) Killing vector

3039, X X o % 2M O Y

Qr>2M : 3 timellke, - 3~Qo
if p were outside horizon - 3 Op 0>

obs

Y violation of energy conservation

@r <M : 3 spacelike - 37Qp0<
it is not energy for any laserver

it is comp of spatial momenturfi canbe negative
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Surface gravity of BH

A Near horizon r=2M,q =g J =/
x=2Msing, (/ - ).y 2M( g5

Z= ﬁdr/l 2M [r
2M

ds* = —(gg 2)*dt* + da® + dy* + d=*
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Rotating BH: Kerr spacetime

A Collapse of any noerotating bodyA
Schwarzschild BH (W. Israel)

A Collapse of any rotating body Kerr BH
(Hawking, Carter, Robinson +)

04.03.2020 e —— Boyer-Lindquist coordinates



A At r>>M

i\
L
¥

sin? fdedt + ll + O ( |
-

.:.r-

2M ) , 4Ma
dt® —

)] [dr? +r°(d6” + sin” 6d¢*)

.:'r- ..

A Linearized gravity around rotating body (M,J):

A Parametera has the sense of specific angular
momentum (per unit mass) NN

AaA 0 BL coordinatesy Schwarzschild coord.

A Stationary (independent of t) and axially
symmetric (Independent o)
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Framedragging

A BH rotation drags inertially falling particles
Into circulatory orbital motion

A=r*+a®—2Mr
A (aka Lens& hirring precession)
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Light cones and horizon

A ds2=0, dr/dt maximal (light) iCEE=RE
cones rotate with LT frequency)
A=r?+a?—2Mr

(light

9 P Dy D D] L
X'=(r"+a’)" —a"Asin" ¢

A Lightcone pitch off a8 A O
A AS A I’H r=ryg, 6=constant, ¢ = Qyt+ constant

, . (1
{—} — | .‘{'}':'}" }: 1 A
yeg = W\ H, Hori zonos r ot
2Mry
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Kerr ingoing coordinates

A Remove pathology of Boy¢indquist
coordinates at r=f Kerr coordinates (e.g.)

/‘ 2Mr

A Transform to Eddingtoifrinkelstein
coordinates asg 0
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In B-L coordinates In Kerr coordinates

Horizon Horizon

04.03.2020




t: -e 3 Ogal g
o l=d @ grut g

u g, Arfu’” 4 -sing 1 =

corotating
o 2,
e-1_13dr §

== =N (r,el
2 2% 2 an (1. 1)

E

[ R S B T B - | o Y o

M 17-a%e® 1) M(l ae)’
r 2r 2 r

Veff (r) !
ISCO:
I-J‘Veff(r) =O a/eff(r)

r i3
e=1//3,1 =2M I/3, Reex M

>0
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Binding energy at ISCO

corotating

Fora/M=1 1-e~0.42
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Ergosphere

A DEREET Rl nositive inside

ﬁ) A g, acts as a purely spatial metric
component insideergosphere

5 ff ExeiEerizon A Outsideergosphereparticles can

: ’ be static relative to distant

: observer

l A Insideergosphereparticles should
rotate to retain their timelike
04.03.2020 moﬂ'ﬁﬁchool L1



Energy extraction from rotating BH
A R.Penrose (1969) thought experiment

articlel par‘tmleZ
particle3 @ parti partile3 @t

E:_-: = F ’ - F‘ F| + F‘
S - r . particle1

@ e
P O }:r:} )u:'“‘} E‘. - )

- p

0] par'tiplaﬂf .par‘hcla‘l A

Ei <0

n ~plunge —t ~out i cplunge
= pPnEe 4 p EN=E0 —EY

o Ll (2878l Can be made negative in ergosphere!

OO
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lrreducible mass

A S. Hawking, 2d law of BH mechanfasizon
area never decreases, X n

Ay = A7 (rs, +a®) = StMr for a spinning hole
H T H H =

; . 72 r . g . a -
Ap = 16wM~ for a nonspinning hole, a = 0].
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How much energy can be
extracted?

04.03.2020 e — Gravitational acceleration



BH thermodynamics

A Temperature of the horizon (S.Hawking, 1973

h _6x 107K 0,

T 8rGMy /3 T Mu/My T My(2G My /2

dMpy = TydSy + Qy - dJ gy
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BH evaporation
dE/ dt=s_T; A ~ M*

M/ (dE/ d ~ M A Problems:
Informational

tevap ~10°yr M /106°g )’ paradox

A BH evaporation
remnants (e.g.
Planck stars,

C.Rovelli, FVidotto
arXiv:1401.6562

evap
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