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I. Physics of Black holes
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History, 18-19 century

Å1783, John 
Mitchell, Phil. Trans. 
Roy. Soc. London, "dark 
stars" 

Å1796, P.-S. Laplace, 
9ȄǇƻǎƛǘƛƻƴ Řǳ ǎȅǎǘŝƳŜ 
du Monde(1st and 2d 
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ÅIn Newtonian physics , a body with < Rg cannot 
communicate with outer world by light, but 
can have a magnetic field, for example.

Å¢ƘŜǊŜ ŀǊŜ ƴƻ άŜǾŜƴǘ ƘƻǊƛȊƻƴέ ƛƴ bŜǿǘƻƴƛŀƴ 
physics, one can construct a static star with 
R<Rg
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History, after Einstein
Å 1915, A.Einstein, GR

Å 1916, K. Schwarzschild, metrics of 
spherically symmetric spacetime 
outside a massive body

Å 1924, A.Eddington, coordinate 
singularity

Å 1939, Oppenheimer, Snyder, grav. 
ŎƻƭƭŀǇǎŜΣ ΨŦǊƻȊŜƴ ǎǘŀǊǎΩ

Å 1958, Finkelstein coordinate 
transformation

Å 1963, Kerr solution

Å мфслǎΣ tŜƴǊƻǎŜΣ IŀǿƪƛƴƎΣ /ŀǊǘŜǊΧ --
black hole theorems

Å мфсуΣ WΦ! ²ƘŜŜƭŜǊΣ ǘŜǊƳ ΨōƭŀŎƪ ƘƻƭŜΩ

Å 1970s, massive discovery of black hole 
candidates in X-ray binaries 

Å 2015- massive detections of binary 
stellar-mass BH by LIGO/Virgo GW 
detectors
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Mapping spacetime

ÅSpecial relativity (no 
gravity): Minkowski 
metric (Lorentz frames)

ÅwŜŀƭ ǇŀǊǘƛŎƭŜΩǎ ǿƻǊƭŘ 
line lies inside light 
cone (timelike 
geodesics), ds2=-d 2̱<0

ÅLight cone is formed by 
null geodesics, ds2=0
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General Relativity

ÅA. Einstein, 1912-1915

ÅGravitation= 
curvature of 
spacetime
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Geometrized units
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Schwarzschild metric

Å13 January 1916, letter to A.Einstein from 
WWI Russian front

ÅEmpty space T=0, M is integration constant

Åt=const, r=const Č 2-sphere

År is not a distance

to the center!!!!
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År/MĄқΥ

ÅAsymptotically flat spacetime!

ÅTo first order in M/r :   

ÅLinearized gravity

Å̅ =-M/r is Newtonian potential Č M is the 
mass of the central body

Å@ r>2M t plays the role of a time coordinate 
Č outside grav. radius the metric is static
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.ƛǊƪƘƻŦŦ Ψǎ ǘƘŜƻǊŜƳ όмфноύ

ÅSchwarzschild geometry is unique spherically 
symmetric  solution of Einstein vacuum field 
equation G=0

ÅImportant implication: static star in vacuum 
(T=0), at r=R circumference 2̄R Č since any 
motion of real particles on the surface is 
timelike (ḏ 2=-ds2=-g00dt2>0)Č a static star 
with total mass-energy M can never have 
circumference smaller than 2 R̄=4̄ M
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Embedding diagrams

ÅEmbedding  of a curved manifold in a flat 
ǎǇŀŎŜ ƻŦ ƘƛƎƘŜǊ ŘƛƳŜƴǎƛƻƴΥ bҗƴόƴҌмύκнΦ 
Doable and instructive for n=2 Č N=3.

ÅExample: static star, r=const, o= /̄2
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ÅCircumference increases more slowly than the 
proper radial distance growth
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År/l ~1-rg/r   Č 1.5 mm for Earth, 10% for NS   
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Symmetries 
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Example 2: Orbits

04.03.2020 ITEP_school L1

2 2

22 2

2

2 2 2

2 2 3

2

2
: 1

: sin

1, sin 1

1 1 1 2
1 1 1

2 2 2

1 2
( ) 1 1 1

2 2

1
( )

2

eff

eff

M dt
t e

r d

d
l r

d

g u u

e dr M l

d r r

M l M l Ml
V r

r r r r r

dr
V r

d

a b

ab

t

j
j q

t

q

t

t

E

å õ
=- Ö = -æ ö

ç ÷

=- Ö =

Ö = =- =

è øå õ- å õ å õ
= + - + -é ùæ öæ ö æ ö
ç ÷ ç ÷ç ÷ê ú

è øå õå õ
¹ - + - =- + -é ùæ öæ ö
ç ÷ç ÷ê ú

å õ
E= +æ ö

ç ÷

ɝ u

ɖ u

u u

Energy per unit rest mass

Ang. mom. per unit rest mass

Integral of energy

Effective potential



Innermost stable circular orbits
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Collapse to BH

ÅLƴ {ŎƘǿŀǊȊǎŎƘƛƭŘ ŎƻƻǊŘƛƴŀǘŜǎΦ {ǳǊŦŀŎŜΩǎ ǿƻǊƭŘ 
line R(t) lies inside the light cone
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ÅLight cone:

Å/ƻƴŜΩǎ ǎǉǳŜŜȊƛƴƎΥ

ÅPeculiarity as rĄ 2M: Squeezing down of light 
ŎƻƴŜǎ ǇǊŜǾŜƴǘǎ ǎǳǊŦŀŎŜΩǎ ǿƻǊƭŘ ƭƛƴŜ ŦǊƻƳ 
reaching 2M as (coordinate time ) tĄқ

ÅThe proper time of falling observer is finite

ÅTidal forces finite at 2M
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R0 is initial radius of collapsing body



Eddington-Finkelstein coordinates
ÅA.Eddington (1922), D.Finkelstein (1958):

ÅNo divergence at r=2M

Åbƻ ƭƛƎƘǘ ŎƻƴŜǎΩ ǎǉǳŜŜȊƛƴƎ Řƻǿƴ
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In E-F coordinates In Schwarzschild coordinates



Formation of a BH

ÅEvent horizon hides central singularity of a BH

ÅCosmic censorship conjecture (R. Penrose): 
no naked singularities
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Kruskal-Szekers coordinates
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Falling to BH in K-S coordinates
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Hawking evaporation
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Surface gravity of BH

ÅNear horizon
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Rotating BH: Kerr spacetime

ÅCollapse of any non-rotating body Ą
Schwarzschild BH (W. Israel)

ÅCollapse of any rotating body Ą Kerr BH 
(Hawking, Carter, Robinson +)
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Boyer-Lindquist coordinates



ÅAt r>>M

ÅLinearized gravity around rotating body (M,J):

ÅParameter a has the sense of specific angular 
momentum (per unit mass)  

ÅaĄ0  B-L coordinates Ą Schwarzschild coord.

ÅStationary (independent of t) and axially 
symmetric (independent of d)
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Frame-dragging

ÅBH rotation drags inertially falling particles 
into circulatory orbital motion

Å(aka Lense-Thirring precession)
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Light cones and horizon

Åds2=0, dr/dt maximal (light)  if               (light 
cones rotate with LT frequency)

ÅLight-cone pitch off as BĄ0

ÅAs rĄrH
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Horizonôs rotation



Kerr ingoing coordinates

ÅRemove pathology of Boyer-Lindquist 
coordinates at r=rH: Kerr coordinates (e.g.)

ÅTransform to Eddington-Finkelstein 
coordinates as aĄ0
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In Kerr coordinatesIn B-L coordinates



ISCO
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Binding energy at ISCO
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For a/M=1     1-e~ 0.42



Ergosphere

Å positive inside 
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Ågtt acts as a purely spatial metric 
component inside ergosphere

ÅOutside ergosphereparticles can 
be static relative to distant 
observer

ÅInside ergosphereparticles should 
rotate to retain their time-like 
motion                                          



Energy extraction from rotating BH
ÅR.Penrose (1969) thought experiment
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Can be made negative in ergosphere!



Irreducible mass

Å hence 

ÅS. Hawking, 2d law of BH mechanics: horizon 
area never decreases, dAHҗл
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How much energy can be 
extracted?

ÅFor a=M:

ÅFirst law of BH mechanics

ÅBH surface gravity
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Gravitational acceleration



BH thermodynamics

ÅTemperature of the horizon (S.Hawking, 1973)

ÅBH entropy (J.Bekenstein)
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BH evaporation

ÅProblems: 
informational 
paradox

ÅBH evaporation 
remnants (e.g. 
Planck stars, 
C.Rovelli, F.Vidotto 
arXiv:1401.6562
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